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ABSTRACT

VARIATION ANALYSIS OF INVOLUTE SPLINE
TOOTH CONTACT

Brian J. K. DeCaires
Department of Mechanical Engineering
Master of Science

The purpose of this thesis is to provide an in-depth understanding of tooth
engagement in splined couplings based on variations in clearances between mating teeth.
It is standard practice to assume that 25-50% of the total spline teeth in a coupling are
engaged due to variations from manufacture. Based on the assumed number of teeth
engaged, the load capability of a splined coupling is determined. However, due to the
variations in tooth geometry from manufacuture, the number of teeth actually engaged is
dependent on the applied load and the tooth errors. The variations result in sequential
tooth engagement with increasing load.
To date, little work has been done to model tooth engagement and the stresses
resulting from unequal load sharing among engaged teeth. A Statistical Tooth
Engagement Model (STEM) has been developed which allows designers to estimate
tooth engagement and resulting stress based on a statistical representation of the tooth

errors. STEM is validated with finite element models as well as some preliminary
experimental tests. Parametric studies are performed to determine the effect and
sensitivities of variations in tooth parameters and tooth errors.
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Chapter 1:

Introduction

Involute splines are frequently used as shaft couplings when large amounts of
torque must be transmitted. The involute geometry is better suited for carrying tooth
loads than conventional rectangular keys, due to its curved profile and generous fillets.
With a full set of evenly spaced teeth around the shaft circumference, the load can be
more evenly distributed and stresses kept lower. It is common practice to assume that
only 25-50% of the total spline teeth in a coupling are engaged, due to tooth variations
from manufacture. However, quantifying the effect of manufacturing variations on tooth
engagement has not been adequately explored.
The purpose of this research is to incorporate fundamental theory of stress and
deflection in a model, which simulates tooth engagement based on tooth variations. This
will allow designers to estimate, by statistical modeling, how many teeth will be engaged
for a given torque load and to determine the probable loads and stresses on each
individual tooth. They will also be able to investigate the effect of various design
parameters on tooth engagement, such as number of teeth, tooth width, pitch, pressure
angle, and material properties.
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1.1 Background
The mating splines form a coupling with external teeth cut on a ‘shaft’ and internal
teeth cut inside a ‘hub’. Figure 1-1 shows both external and internal spline teeth. The
profiles of the mating teeth are short, stubby, and precise, which results in a very rigid
connection.

(a)

(b)
Figure 1-1 External (a) and internal (b) spline teeth.

Spline teeth are very similar in geometry to gear teeth. The contacting surfaces are
both defined by an involute curve or profile. The basic tooth geometry is defined by
three parameters: the pressure angle, the number of teeth and the pitch. Cutting tools are
only available for standard pressure angles and pitch values. Standard splines utilize
pressure angle values of 30°, 37.5° or 45°. However, in special applications, a pressure
angle of 14.5°, 20° or 25° is sometimes chosen, which are standards commonly used in
gears. As the pressure angle increases, the radial load on the shaft increases, resulting in
higher frictional forces. Therefore, if it is desirable for the coupling to allow axial
sliding, as in disc brakes, it is preferable to use a lower pressure angle.
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Another difference between splines and gears is that, in spline couplings, the load is
shared among several teeth. With gears, the load can be divided among two or three
teeth, but the majority of the load is carried on one tooth. The point of contact for splines
is usually near the pitch point, while it changes continuously with gears. Initially the
point of contact for the driving gear, or pinion, begins at the base of the tooth and travels
up the face to the tip of the gear tooth. For the driven gear, this action is reversed.
In an ideal coupling, the male and female splines are perfectly manufactured,
resulting in 100% tooth engagement. In this optimum scenario, each tooth would carry
an equal portion of the load, and the coupling would handle the maximum theoretical
applied torque. However, because there are inevitable variations due to manufacture,
each tooth engages in a sequence, determined by the individual tooth errors and
deflections. As the load is increased, more and more teeth engage. The actual number of
teeth that engage is dependent on the applied load and on the manufacturing variations.
This results in unequal stresses among the teeth, which can lead to early failure.
Bending fatigue, surface fatigue, and dynamic impact are factors which can cause
spline tooth failure. Tooth failure is the focus of this research. The shaft and hub have
several modes of failure as well, which are not addressed in this research.
Until now, there has been no method or tool available to determine how many teeth
are engaged. This leaves the designer to arbitrarily choose how many teeth are engaged
and what portion of the load is carried on each tooth. Based on these assumptions, the
required tooth dimensions can be determined, for the assumed tooth loads. If the
designer can accurately estimate how many teeth will be engaged, based on the applied

3

load and the manufacturing variations, a shaft coupling can be designed to meet the
required robustness and to ensure reliable operation.

1.1.1 Industrial Application
In heavy-duty machinery, such as aircraft and off highway trucks, special brakes
are required to handle the high levels of torque. Because of the size of these machines,
conventional disc brakes are inadequate; a brake containing several brake rotors is
needed. These are commonly referred to as multi-disc brakes. An example of a multidisc brake can be seen in Figure 1-2.

Figure 1-2 Assembled multi-disc wet brake.
Source: www.auscoproducts.com

A typical multi-disc brake utilizes sets of rotating friction and stationary separator
plates and may use coolant. A friction plate is placed between each pair of separator
plates. Thus, they function similarly to conventional disc brakes, in which the rotor is
between a pair of brakes pads. Both the friction and separator plates are normally made
of steel.

4

A set of pistons located around the entire circumference of the hub applies an axial
force to the outer most separator plates, causing the friction and separator plates to
squeeze together. This results in a braking action, which causes the hub and the shaft to
stop relative to each other. Figure 1-3 shows an exploded view of a simplified diagram
of a multi-disc brake.

Separator Plates

The separator plates act as the brake rotor and are usually connected to the hub by
Hub
splines. This is necessary because the plates need to be constrained from rotating, while
Shaft
still being able to slide axially. The friction plates serve as the brake pads and have
Friction Plates
friction material around the entire circumference of the disc on both sides. The friction
plates are also connected
to the
by splines,
Figure
1-3shaft
Exploded
view of a simple multi-disc brake.
By using multiple sets of friction and separator plates, the total friction area is
increased. Thus, the advantage in using several sets is apparent, since the contact area is
larger. However, as the plates become quite thin (many are less than an eighth of an inch
thick) it becomes critical that they be designed accurately. If a single tooth fails, the
whole brake could fail because of the debris causing jamming or clogging of cooling
passages or due to the reduced capacity to handle the load.
A key feature in multi-tooth brakes is the application of low pressure angle (14.5° –
20°) spline teeth. This decreases the frictional force normal to the shaft which allows the
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plates to slide more freely on the mating splines. However, decreasing the pressure angle
also changes the shape of the teeth. They are narrower at the base, resulting in higher
bending stress.

1.2 Research Motivation
A few cases have been reported in which splines of heavy-duty multi-disc wet
brakes have failed. Examination of the failed parts indicate that a single internal tooth on
the friction plate breaks off the disc and lodges into the cooling passages, causing total
failure of the brake. An understanding of why these splines are failing and what can be
done to eliminate the problem would be highly useful. It appears that the teeth are failing
in bending. This implies that there are excessive tooth loads resulting in higher bending
stresses, which may cause early failure.
If the number of teeth engaged can be predicted reliably, much early failure can be
avoided. If the variations due to manufacture can be statistically characterized, then a
tool can be created which may be used by designers and engineers to predict engagement
and stress in a splined coupling. Based on these predictions, a more reliable splined
coupling may be designed, resulting in a longer operational life.

1.3 Thesis Objectives
The purpose of this research is to define how the interaction of the teeth in a splined
coupling can be reduced to a practical simulation of spline tooth behavior. Such a model,
integrated with user-friendly computer software, could assist mechanical designer’s to
more efficiently manage spline design parameters and produce couplings that are more
reliable.
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A new model has been developed which can predict the number of teeth engaged and
the load distribution across engaged spline teeth. It is believed that it can improve the
reliability of splines through an increased understanding of the effect of manufacturing
variation on individual tooth stresses.
The variation in splines can be characterized by statistical data. The simulation
model can predict tooth engagement from measured variation data or based on estimates
from previous production. It is highly beneficial to the designer to be able to predict
tooth engagement as a function of statistical variation and to be able to calculate the
resulting stresses due to unequal load distribution in the spline coupling.
An additional objective of this research is to provide a tool for performing
sensitivity studies that can be used by the designer to learn which tooth geometry
parameters and errors have the most significant influence on engagement and stress.
Preliminary results show great promise in this area.
Mating teeth in a spline coupling are designed to have a minimum clearance to
account for manufacturing variations. Random process variations cause the clearance to
vary from pair-to-pair of mating teeth. This variation is the determining factor in the
resulting tooth engagement, tooth loads and stresses.
The tooth variations considered in this study are: profile, spacing, index and pitch
errors. As future studies are performed, recommendations can be made to the brake
manufacturer on how to improve the design. The manufacturer can also be supplied with
the design tools which were created as a result of this work.
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The engineering design tool provided to the sponsor is developed in Excel*,
utilizing Visual Basic for Applications (VBA)*. It is called STEM (Statistical Tooth
Engagement Model). Verification of the new statistical model was performed using
finite element models and through analyses in ANSYS 8.0*. Tooth engagement,
deflection and stress analysis results were compared to the design software results for
various spline geometry parameters and tooth clearances.

1.4 Scope Delimitations
This research is focused on the failure of internal and external involute spline teeth
employed to transmit loads to friction and separator plates in heavy-duty brakes. The type
of fit considered is side fit, or flexible splines. The mating teeth only make contact on the
sides, or flanks of each tooth. Major diameter fit splines, are not addressed. The
parameters that are included are those found in the standards published by SAE [3] as
well as custom parameters supplied by an industrial partner. The tooth deflections
analyzed are due to bending, shear, and Hertz contact. The compliance of the base
material (the shaft or the hub) is not included. Failure of the shaft and hub due to
bending and shear loading is not part of this study. This work is focused solely on tooth
failure as a result of static loading.
The errors that are considered are those affecting the teeth in a 2-D plane. This is
allowable because the plates are relatively thin. The effect of surface finish on contact
stress was not explored.

*

Excel, VBA and ANSYS are registered trademarks of Microsoft Corp. and ANSYS Inc., respectively.
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No extensive analysis of field measurement data was carried out, but the analysis
tools have the capability of treating measured data. Some experimental data is included,
but mainly for the purpose of fundamental verification of tooth engagement.

1.5 Thesis Summary
To achieve the goals of this thesis the chapters are organized as follows:
Chapter 2 defines spline geometry as determined by industry standards and other
modifications. It also summarizes previous work pertaining to splines and related gear
studies.
Chapter 3 discusses the strength of materials model used to determine tooth
deflections and stresses.
Chapter 4 utilizes the deflection and tooth stiffness to explore the sequence of tooth
engagement. A tool was developed to model engagement based on mean-tooth-clearance
and the standard deviation of the clearances.
Chapter 5 utilizes finite element analyses of four individual cases to verify the
methods used to determine tooth deflections from Chapter 3. Case I verifies the use of
ANSYS models for Hertz contact stress and deflection in two parallel cylinders. Case II
verifies that the contact stress and deflection of mating external gear teeth can be
approximated using Hertz contact theory for two parallel cylinders. Case III verifies the
contact results from two parallel internal and external cylinders. Case IV uses ANSYS
models to verify the results obtained through the analytical methods to calculate stress
and deflection due to shear and bending, as well as contact for a single pair of spline
teeth.
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Chapter 6 includes a multi-tooth model, analyzed with ANSYS, in which a load is
increased incrementally to simulate the engagement sequence. The results were
compared to STEM analysis as well as some experimental data.
Chapter 7 explores the effects of various parameters on tooth engagement.
Multiple studies showing the sensitivity to engagement based on the number of teeth,
pitch, pressure angle, and clearances is presented.
Chapter 8 presents a full statistical model for predicting the probable tooth
locations and creating a confidence interval for the positions predicted by STEM.
Measurement data supplied by the sponsor is used to determine the distribution of errors.
Chapter 9 presents conclusions and recommendations, as well as suggested areas in
which further work is needed.

10

Chapter 2:

Background Research

Two sections provide the basis upon which this thesis builds. First, an introduction
to spline geometry is presented; along with an understanding of Hertz contact theory.
Next, a review of research performed previously in the areas of tooth deflections and
stresses, finite element analysis, tooth engagement and statistical modeling is
summarized. This chapter comprises a summary of the previous research done to date.
Although some of the sources do not address splines, in some way each is pertinent to
this research. An in-depth understanding of the subjects presented is necessary to
develop an analytical model, which includes tooth geometry, modifications, errors,
deflections, stresses, and engagement.

2.1 Nomenclature
The definitions in Figure 2-1 are given by the existing standard on Involute Splines
and Inspection, ANSI B92.1-1970 [3]. The terminology of spline teeth is illustrated in
Figure 2-2. The pitch circle is the reference circle from which all circular spline tooth
dimensions are constructed. The pitch circles of a pair of mating splines are equal.
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Diametral Pitch, P - The number of spline teeth per inch of pitch diameter.
Pitch Diameter, D - The diameter of the pitch circle, which is determined as the ratio of the
number of teeth to the diametral pitch.
Pitch Point - The intersection of the spline tooth profile with the pitch circle.
Circular Pitch, p - The distance along the pitch circle between corresponding points of adjacent
spline teeth.
Pressure Angle, φ − The angle between a line tangent to an involute and radial line through the
point of tangency.
Base Circle - The circle from which involute spline tooth profiles are constructed.
Base Diameter, Db - The diameter of the base circle.
Major Circle - The circle formed by the outer-most surface of the spline. It is the outside circle
(tooth tip circle) of the external spline or the root circle of the internal spline (commonly referred
to the Addendum Circle in gear teeth).
Major Diameter, Do, Dri - The diameter of the major circle.
Minor Circle - The circle formed by the inner-most surface of the spline. It is the root circle of
the external spline or the inside circle (tooth tip circle) of the internal spline.
Minor Diameter, Dre, Di - The diameter of the minor circle.
Form Circle - The circle which defines the deepest points of involute form control of the tooth
profile. This circle along with the tooth tip circle determines the limits of tooth profile requiring
control. It is located near the major circle on the internal spline and near the minor circle on the
external spline.
Form Diameter, DFe, DFi - The diameter of the form circle.
Depth of Engagement - The radial distance from the minor circle of the internal spline to the
major circle of the external spline.
Actual Space Width, s - The circular width on the pitch circle of any single space considering an
infinitely thin increment of axial spline length.
Effective Space Width, sv - The effective space width of an internal spline is equal to the circular
tooth thickness on the pitch circle of an imaginary perfect external spline which would fit the
internal spline without looseness or considering engagement of the entire axial length of the spline.
Actual Tooth Thickness, t - The circular thickness on the pitch circle of any single tooth
considering an infinitely thin increment of axial spline.
Effective tooth Thickness, tv - The effective tooth thickness of an external spline is equal to the
cicular space width on the pitch circle of an imaginary perfect internal spline which would fit the
external spline without looseness or interference, considering engagement of the entire axial length
of the spline.
Effective Clearance, cv - The effective space width of the internal spline minus the effective tooth
thickness of the mating external spline.
Form Clearance, cF - The radial depth of involute profile beyond the depth of engagement with
the mating part. It allows for looseness between mating splines and eccentricities between the
minor circle (internal), the major circle (external), and their respective pitch circles.
Figure 2-1 Standard spline terminology.
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Figure 2-2 Terms for side fit splines [3].

Formulas for the spline dimensions defined can be found in Appendix A.

2.2 Spline Geometry
The general equations used to define the basic proportions of spline teeth are:
P=

N
D

(2.1)

where P is the diametral pitch, N is the number of teeth, and D is the pitch diameter in
inches.
p=

πD
N

(2.2)

where p is the circular pitch.
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The main factor that determines engagement is the clearance between mating teeth,
commonly referred to as the effective clearance cv. Some clearance is required to be able
to assemble the coupling. Otherwise, it could be an interference fit. Cedoz and Chaplin
[7] mention that splines require a minimum amount of effective clearance. The clearance
allows space for the lubrication to flow and allows the spline to assemble in a misaligned
condition. The ability to handle misalignment is one of the main benefits of using
splined couplings.
The clearance is determined by variations due to tooth imperfections in
manufacture. Figure 2-3 shows the minimum and maximum tooth thickness and space
widths. The maximum effective tooth thickness is equal to the minimum effective space
width. The variation in tooth thickness results in the mating surface location being
uncertain and causes variation in the clearance between mating teeth.

Figure 2-3 Minimum and maximum space width and tooth thickness
for internal and external spline teeth.

Fillet radii are also important because the size of the radius has a large effect on
stress concentration for bending stresses. As shown in Figure 2-2, the fillet is at the base
of the tooth, beginning at the form diameter, where the involute profile stops. The actual
14

radius is often dependent on the cutter, which makes it convenient to use a minimum
radius. The ANSI B92.1 standard [3] provides tables, which lists the minimum radii that
should be used in stress calculations. A table defining values for fillet radii can be found
in Appendix B. Splines have either full or flat root fillets. Figure 2-2 shows an example
of both full and flat root fillet external teeth. Commonly, the internal tooth will have a
flat root, which provides a stronger tooth than that of the mating external spline.

2.2.1 Geometry Modifications
Often splines are designed using parameters which are not found in the ANSI B92.1
standards. Commonly these parameters include low pressure angles and high numbers of
teeth. Cedoz and Chaplin [7] state that for spline couplings having more than 100 teeth,
the variations should be calculated based on a 100-tooth coupling. He also mentions that
splines with 14.5°, 20° or 25° pressure angles are more susceptible to wear, because they
are not as stiff, resulting in larger deflections.
In the case of the lower pressure angles, the geometry is defined in the same
manner as gear teeth. The only difference is that the height of the tooth is normally half
that of gear teeth.
Depending on the application, clearances greater than the minimum effective value
may be needed. This accommodates high volumes of coolant. The additional clearance
is achieved by cutting deeper into the external teeth. This reduces the radius of curvature
on the external teeth. Currently there is no equation or relationship which determines
how much the radius changes. A study can be found in Appendix C, which explores the
effect of radius variation in mating spline teeth.
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2.3 Tooth Errors
Four main errors affect the effective clearance. Because the friction and separator
plates are relatively thin, lead variation need not be considered. The remaining three
errors are profile, tooth thickness and index variations. Kahn [19] recognized that there
are irregularities in tooth profiles due to manufacturing. Dudley [15] found that the total
composite error for gear teeth could be as high as 0.005 in.
The effective clearance in spline teeth is similar to backlash in gear teeth.
Michalec [23] analyzed backlash in assembled gears and found that the main sources
causing backlash are size variations and tooth errors. The size variations are a result of
tooth thickness allowance, which provides clearance for mounting, thermal growth, and
lubrication. Tooth errors are caused by local variations in profile, tooth spacing, and
tooth thickness. The position errors recognized by Michalec in gear teeth can be seen in
Figure 2-4. The six profiles illustrate the following errors A: Reference profile; B: Index;
C: Profile; D: Lead; E: Radial; F: Tooth Thickness.

Figure 2-4 Definition of tooth errors.
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The errors that he found were likely from the following sources:
•

Eccentric mounting of the blank

•

Eccentric mounting of the generating tool

•

Runout in the blank mounting arbor

•

Runout in the tool arbor

•

Lead error in hobs

•

Tooth-spacing errors in shaper cutters

•

Profile errors in the tool

•

Random variables due to chatter and vibration

•

Deflections in generator due to work mass and cutting loads

•

Nonhomogeneous blank material

•

Approximating the involute profile with generated straight cuts

•

Differential temperature effects

ANSI B92.1 standard [3] defines the profile variation as any variation from the
specified tooth profile normal to the flank. A variation in profile can either increase
effective clearance or decrease it. A positive variation in profile results in a decreased
clearance. A negative variation results in an increased clearance.
Index variations also directly affect the tooth clearance. A single tooth can be
offset in either direction resulting in an increase or decrease in clearance. Index errors
are measured with respect to an absolute reference; the sum of the errors is equal to zero.
A variation to index error is tooth-to-tooth spacing. This is the error in spacing between
neighboring teeth.
Medina and Olver [22] observed that some teeth on splined couplings are more
heavily damaged than others. They determined that one possible cause was index errors.
They performed an experiment on a spline coupling with index error. One tooth had a
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positive error normal to the involute profile and was heavily loaded throughout rotation,
while the teeth adjacent to this tooth remained out of contact the entire time. This
required the loaded teeth to carry a larger portion of the applied load due to reduced tooth
engagement.

2.4 Hertz Contact Theory
Figure 2-5 shows the classical example of two cylinders of length l pressed together
with a force F. Hertz theory assumes that F is uniformly distributed along the entire
length of the cylinders. As shown in Figure 2-5, the area of contact is rectangular with
width 2b and length l and the pressure distribution across the contact width is elliptical.

Figure 2-5 Hertz model of parallel cylinders.

18

Commonly, the contact width is defined in terms of the half-width b as
b=2

F (ζ 1 + ζ 2 )
1
l 1
+
R1 R 2

(2.3)

where
ζi =

(1 −ν )

(2.4)

πEi

νι is Poisson’s Ratio and Ei is the modulus of elasticity for the respective cylinders. The
deflection in the y-direction is defined by the approach α, which is the maximum relative
compression of the bodies defined by Goldsmith [17] as
 1
1 
 e +  
R R2  
F
α = (ζ 1 + ζ 2 ) ln   1
l  F (ζ + ζ ) 
1
2 


 l

(2.5)

where

e = 1−

b
l

2

(2.6)

where l is the length of the contact zone and b is the half-width. Equation (2.5) includes
the local deflection at the point of contact as well as the deflection away from the contact
zone. The maximum pressure occurs at the center of the ellipse defined by Equation
(2.7), where b is the half-width from Equation (2.3).
P max =

2⋅F
π ⋅b ⋅l

(2.7)
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Equations (2.3) through (2.7) also apply for a cylinder contacting a plane, and a
cylinder contacting an internal cylindrical surface [29]. In the first case, either R equals
infinity, or a radius large enough to approximate a plane. In the second case, either R is
negative, representing the negative radius of curvature for the internal cylinder.
The stress along the y-axis is given by the equations

y2 y 
σ z = −2 ⋅ν ⋅ P max 1 + 2 − 

b
b 



1
σ x = − P max  2 −
y2

1
+


b2

σy =

(2.8)




2

 1+ y − 2 y 

b2
b




− P max

(2.9)

(2.10)

y2
1+ 2
b

Equations (2.8) through (2.10) are plotted in Figure 2-6 up to a distance of 3b
below the surface. Shear stress reaches a maximum approximately 0.75b below the
surface. All of the normal stress components are compressive.
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Figure 2-6 Distribution of stress components below the contact surface (ν = 0.30).

2.5 Hertz Contact Approximation
Much work has been done to model the contact between mating teeth as parallel
contacting cylinders. Abersek and Flasker [1] represented the contact between two gear
teeth with two cylinders as shown in Figure 2-7. The radius of curvature at the point of
contact for each tooth is defined as R. The contact pressure is represented as P. Their
analysis also addressed the sliding of gear teeth flanks and included coulomb friction.
They performed a finite element analysis of two cylinders to determine their accuracy
compared to Hertz theory. The results that they obtained were within 3% of the Hertz
stress.
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Figure 2-7 (a) Contact of two gear flanks. (b) Equivalent
model of two cylinders in contact [1].

Dudley [14] said that Hertz theory can be applied to gears quite easily. He
recognized that this is a good approximation near the pitch circle. However, when
contact is near the base circle the change in radius is rapid and is not a very good
approximation. Pottinger, Cohen and Stitz [27] verified that the contact stress in gear
teeth could be approximated with Hertz theory through photoelastic studies.
Dudley [14] defines the radius of curvature at the pitch circle in gear teeth as
ρ=

D sinφ
2

(2.11)

However, as one moves away from the pitch circle, the radius of curvature decreases
toward the base and increases toward the tooth tip.
Because both internal and external splines have the same pitch, pressure angle, and
number of teeth, the radii of curvature are the same. This means that the involute curve
for both the internal and external teeth is the same if the teeth are manufactured perfectly.
However, due to manufacturing variations and added clearances, the two radii will not be
exactly equal.
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2.6 Tooth Stresses and Deflections
Gear and spline teeth have been modeled with several different methods. Several of
the methods used to determine stress and deflection in teeth are discussed in the
following sections. The majority of the current work is applied directly to gear teeth.
Since splines are essentially gear teeth, the methods used to determine tooth deflections
and stresses may be employed. Much work has also been done with finite element
analysis of splines. Spline analysis is simplified because the point of contact does not
change as it does in gear teeth.
Cedoz and Chaplin [7] mention that spline teeth usually do not fail by bending as
gear teeth do. This is because standard spline teeth have short cross-sections and form a
very strong beam. However, the teeth analyzed in this research are more similar to gear
teeth because they utilize lower pressure angles, causing them to have longer crosssections. Dudley [16] found that spline teeth break in a cantilever beam type failure,
similair to that of gear teeth.

2.6.1 Tooth Stresses
Burke and Fisher [5] found, through experimental tests that splines are subject to
extremely complex and interacting stress conditions. Salyards and Macke [28] found in
their photoelastic studies that the stress at the tooth fillet was the dominant component.
However, they recognized that the stress was not purely due to bending. Other stresses
such as hoop stress, torsional stress, and contact stress may contribute to the stress at the
tooth fillet.
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Pottinger [27] verified the results for the stresses in a single gear tooth. He utilized
an experimental model to validate his analytical model. He assumed that there are no
stress gradients in the tooth parallel to the tooth axis. This assumption allowed him to
simplify the model to 2-D, utilizing plane stress.
Cavdar [6] analyzed tooth bending stress in spur gear teeth. Through finite element
analyses using ANSYS, he found that the maximum stress occurred at the fillet, but the
maximum value changed with pressure angle and other parameters.
In a study of the failure of splined shafts, Volfson [33] found that the contact forces
between mating teeth is equal among each tooth regardless of tooth position, if the shaft
only transmits a torsional moment. However, in the case of torsion and bending loads in
the shaft, the contact force is different for each tooth and is dependent on their position.

2.6.2 Tooth Deflections Due to Shear and Bending Loads
Timoshenko [31], Yau [34], Cornell [9] and Onwubiko [26] modeled a single spur
gear tooth as a tapered cantilever beam. They developed empirical formulas utilizing thin
plate theory to calculate gear tooth deflections. All of the models included deflection due
to shear except Onwubiko’s, he only determined the deflection due to bending.
O’Donnell [25] and Yau [34] found that it is inadequate to compute gear tooth
deflections using thin plate bending models, because in a stubby gear tooth, the shear
deflections are no longer negligible as compared with bending deflections. O’Donnell
also noted that if generous fillets are used at the built-in end of a beam, then the effect of
the flexibility of the support is insignificant.
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The deflection in a spline or gear tooth can also be determined with Castigliano’s
theorem, which states [29]:
When forces act on elastic systems subject to small displacements, the
displacements corresponding to any force, collinear with the force, is equal to the
partial derivative of the total strain energy with respect to that force.
Castigliano defines the deflection at the point of the applied load Fi and in the direction of
Fi as
δi =

∂U
∂Fi

(2.12)

2.6.3 Tooth Deflections Due to Contact Loads
Litvin [21] found that the deflection from contact is dependent on the applied load,
but uses a constant value based on experimental data. He found that in most gears, under
a small load, the contact deflection is equal to 2.5x10-4 in.
Muthukumar and Raghavan [24] performed a finite element study on a single gear
tooth and determined the contribution of contact deflection to the total tooth deflection.
They found that the deflection due to contact varied between 10% and 20% of the total,
depending on the number of teeth. They compared their results to experimental work
done by Deoli [10]. Deoli determined that the contact deflection was approximately 18%
of the total deflection. In both studies, the contact width was a very small region of the
involute profile. This differs largely from splines, because the contact region in splines is
theoretically the entire length of the involute profile. Thus, the contact deflection is
much less significant than in gear teeth.

25

2.7 Tooth Engagement
Several sources recommend different numbers of teeth in contact. Cedoz and
Chaplin [7] and Dudley [16] recommend to assume that half of the teeth are in contact
because of spacing errors. Deutschman [11] suggests that 25% of the total teeth are in
contact.
Volfson [33] found that the following time process occurs in the loading of splined
shafts:
“At the beginning, the bigger part of the load is carried by only 2, or at a maximum,
3 or 4, teeth and it makes no difference what percentage these comprise of the total
number of spline teeth. If the load is too big for these teeth, they become deformed,
and new teeth join in the transfer of torsional moment. This process continues
during definite time until all teeth are included. As a result, different teeth sustain
different stress state level from maximum to minimum. There is a danger that
before this process ends, some of the teeth which began work first can sustain too
big a deformation, and cracks can initiate.”
Volfson mentions that in cases of tooth failure, reducing the variation by tightening the
tolerances can help.
Kahn [19] recognized that all teeth could be in contact, based on the load. She
performed a finite element analysis of an involute spline. She had inaccuracies of the
involute profile as a result of geometry modifications made when the model was meshed.
This essentially introduced manufacturing variations, which caused the load to be applied
to each tooth in a non-symmetrical pattern. The variation in stresses from tooth-to-tooth
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was very high. She recognized that the tooth stresses obtained from her model were not
accurate. However, they were presented to show the trends and behavior of splines with
variation.
Adey [2] also included effects of manufacturing variations in a finite element
analysis of splined couplings. He modeled tooth variations by specifying the initial gaps
between contacting surfaces. He noticed from his finite element analyses that tooth loads
were unequal, causing the stress to vary significantly from tooth-to-tooth. However, he
did not quantify the error to develop any kind of relationship with engagement.
Tjernberg [32] performed finite element studies to investigate non-uniform loading
on spline teeth caused by errors. He recognized that with time, more than 25% of the
total teeth may become engaged due to wear. Not only did he recognize that the number
of teeth in contact varies, he developed a model to calculate engagement based on
measured index errors on the shaft.
He performed three sets of analyses from different manufacturing processes. By
examining the engagement, he found that the process, which yielded the lowest pitch
errors, had the highest tooth engagement. The model used to predict engagement was a
mathematical model using tooth stiffness, number of teeth, and torque. However,
Tjernberg’s model used only measured errors on the external teeth; he treated the
geometry of the mating internal teeth as perfect. This essentially reduced all error
sources to a single composite error.
Tjernberg also found that a lower bending stiffness of the teeth will even out the
load distribution. He noticed in his finite element model that the teeth that were not in
contact had a shear stress at the spline root, which corresponds to pure shear in the shaft.
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When index errors were included in his model, stress at the spline root was 26-36%
higher than the stresses found in a perfect model.
Kahraman [20] recognized that both clearance and tooth spacing errors existed. He
used the equation of motion of a shaft splined compliantly to a hub to develop a model
that calculates engagement based on errors. He treated tooth position errors assuming
them to be uniformly distributed. He also recognized a torsional stiffness coefficient that
is dependent on the amplitude of the relative displacement. However, he found that his
engagement model was rather impractical to use with the splined couplings having large
numbers of teeth. Both Tjernberg [32] and Kahraman’s [20] analytical models only
predicted tooth engagement; they did not determine the stress resulting from non-uniform
tooth loading.

2.8 Chapter Summary
There has been significant work done in the areas of analytical modeling of spline
and gear teeth. Some have verified these models with finite element analyses or with
experimental data, such as photoelastic studies, and obtained good results.
Several have recognized the phenomena of sequential engagement of spline teeth
due to tooth errors. Several also determined variations in tooth loads and corresponding
stresses as a result of misalignment, load, and variations. However, little work has been
done to develop models that accurately determine engagement based on existing or
statistical variations from several error sources.
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Chapter 3:

Strength of Materials

The deflection and stress in a spline tooth is determined by analyzing the different
loads to which the tooth is subjected. Similar to gear teeth, spline teeth are subject to
bending, shear, compressive, and contact loads. The deflection and the stress from each
component are discussed in this chapter, which are applied to the analytical model.

3.1 Model Representation
The model used to calculate deflection and stress in spline teeth, for this research, is
a tapered cantilever beam. This is used for both the internal and the external teeth.
Figure 3-1 represents the tapered profile overlaid on the involute profile. The tip of the
tapered beam intersects with the involute profile at the pitch point. It is tangent to the
involute profile at the form diameter, and extends down past the form diameter a distance
equal to the fillet radius. Because the taper profile does not have a fillet where the spline
tooth does, it is recognized that this model may be slightly more flexible than the actual
tooth.
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Figure 3-1 Taper approximation of involute profile.

This model is very similar to Timoshenko and Baud’s [31] tapered beam model of
a gear tooth. However, their work represented a gear tooth as a tapered beam running to
the tip of the tooth, which is necessary because the contact point of the load shifts from
the base to the tip of the gear tooth. Stegemiller and Houser [30] and Onwubiko [26]
modeled a single gear tooth as a tapered beam similar to Figure 3-1.
Because the radii of curvature of both mating teeth are almost identical for splines,
the entire involute length is in contact, which results in the load distributed approximately
evenly across the tooth face. Although, Hertz shows the contact pressure distributed
elliptically, this is not the case for spline teeth when an appreciable load is applied.
Therefore, the distributed load can be closely approximated with a concentrated force Fn,
at the pitch circle. The contact pressure distribution along the length of contact is shown
in Chapters 5 and 6.
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Figure 3-2 defines the geometry used in the calculation of tooth stress and
deflections. where t represents the tooth thickness, which varies with height y. The
equation for the taper flank is defined by the standard equation of a line as y = mx+B.

Figure 3-2 Tooth deflection model.

3.2 Tooth Stresses
Because spline teeth are exposed to complex loading, it is important to look at the
stress from each component of the reaction force between mating teeth. The reaction
force Fn, is represented in Figure 3-3, which is resolved into three components [1]. Fr is
the radial component of the load. Ft is the tangential component, and Mr is the reaction
moment due to the eccentric loading of the beam. Because the splines in this research
have such low pressure angles (= 20°), the tangential component is the dominant force.
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Figure 3-3 Equivalent tooth loads.

These are the forces and moments which contribute to the overall stress and
deflection of a spline tooth. The following equations resolve Fn into three components,
which form an equivalent set of loads:
Fr = Fn ⋅ sin φ

(3.1)

Ft = Fn ⋅ cos φ

(3.2)

Mr = Fr ⋅

tp

(3.3)

2

where tp is the tooth thickness at the pitch circle and φ is the pressure angle.

3.2.1 Bending Stress
The tangential force Ft, causes a bending moment M, to occur within the beam.
The bending moment is greatest at the support, resulting in tensile stress on the loaded
side of the beam, and compressive stress on the other. The general equation defining the
bending stress in a beam, due to M is
σ =

Mx
I

(3.4)
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where x is the distance from the neutral axis. Therefore, the maximum bending stress
occurs at the outer edges of the beam and is zero at the neutral axis, x=0.
Dudley [13] has applied this general equation to gear teeth to determine the
maximum tooth stress as

σ Ft =

6 ⋅ Ft ⋅ L
Kf
2
tb ⋅ l

(3.5)

where l is the axial length of the tooth, or face width. Kf is a stress concentration factor
due to the small fillet at the base of gear and spline teeth.
Dolan and Broghamer [12] performed numerous photoleastic experiments and
developed the following relationship for Kf
N

t  t 
Kf = H +  b  ⋅ b 
 r  L

M

(3.6)

where r is the radius of the tooth fillet and tb is the tooth thickness at the base of the
beam. Equation 3.4 is easily applied to any pressure angles using the following three
equations for the constants H, M and N
H = .331 − .436φ

(3.7)

M = .261 − .545φ

(3.8)

N = .324 − .492φ

(3.9)

where φ is in radians.
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Because the radial force acts at the corner of the beam, there is some additional
bending stress. This flexural component due to the eccentricity in the loading, is defined
by Shigley [29] as

σ Mr =

Mr ⋅

tb
2

(3.10)

I

where Mr is defined by Equation (3.3).

3.2.2 Axial Stress
The compressive stress due to the radial component of the resultant force is evenly
distributed throughout the cross-section of the beam and is defined as
σ Fr =

Fr
tb ⋅ l

(3.11)

which is the radial force divided by the area at the base of the beam.

3.2.3 Transverse Shear Stress
A shear force acts at the base of the beam and is equal and opposite to Fr. This
results in a transverse shear stress at the support of the beam. The shear stress in a long,
slender cantilever beam is distributed as shown in Figure 3-4.
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Figure 3-4 Shear stress in tapered beam

The shear stress for a rectangular beam can be calculated at any point by





2
3Ft 
x 
1−
τ =
2 A   tb  2 
   


 2 

(3.12)

where A is the cross-sectional area at the base and x is the distance from the neutral axis.
The maximum shear stress occurs when x = 0, which is at the neutral axis. The shear
stress decreases as one moves away from the neutral axis, where it equals zero at the
outer surfaces, x = ± tb/2.
Because the shear stress is zero at the ends, it is not a contributor to the stress at the
fillet; it is not combined with the bending stress when calculating the Von Mises stress.
The shearing of spline teeth is not common, but can occur in splines with high shock load
or many start cycles [7]. Therefore, it is important to calculate the shear stress to ensure
that it is within reasonable limits.

3.2.3.1 Resultant Stress
The bending, flexural, and compressive stresses at the base are combined to find the
resultant stress σRes, as shown in Figure 3-5. The negative and positive signs designate
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whether each end of the beam is in compression or tension. If the load were applied on
the left flank of the tooth, then the beam would be subject to tension and compression as
shown in Figure 3-5. Because σFt is normally much larger than σMr and σFr, the
maximum stress occurs on the right flank and is in compression. The resultant stress on
the left flank is smaller and under tension.

Figure 3-5 Bending, flexural, compressive and resultant stresses at the base
of the cantilever beam.

The two bending stresses subtract from each other because the ends having tension and
compression are opposite each other. The compressive stress adds to and subtracts from
the bending stress as shown in Figure 3-5. Of course, the stress concentration must still
be applied.
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3.2.4 Contact Stress
At the point of contact between two mating teeth, there is contact pressure, or a
contact stress. The radius of curvature at the point of contact and the load determine how
large the contact region is. The internal spline has a negative radius of curvature, while
the external spline has a positive radius of curvature. This can be seen in Figure 3-6.

Figure 3-6 Radius of curvature for internal (Ri) and
external (Re) spline teeth.

Substituting Equation (2.3) into (2.7) gives the general equation for the maximum contact
stress between two contacting cylinders as

P max =

1
π

1
1 
 + 
Fn  Ri Re 
l (ζ i + ζ e )

(3.13)

Ri and Re are the radii of curvature for the internal and the external teeth at the pitch
circle. Ri is negative.
It is important to note that Equation (3.13) fails when Re = - Ri due to a zero in the
square root. Therefore, as the difference in radii increases, the maximum pressure
increases. Often the cutter for the external spline is offset to cut deeper, resulting in
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additional tooth clearances. It is recognized that the radius of curvature of the external
tooth is reduced, but it is not known by how much.
Equation (3.13) assumes that the half-width can grow unrestrained as the contact
load increases. This is not the case in spline teeth. The half-width can only be as large as
half of the distance between the tip of the internal and external teeth, bmax. If a pair of
spline teeth are subject to a load resulting in a half-width larger than bmax, then Equation
(2.3) becomes
P max =

2⋅ F
π ⋅ b max⋅ l

(3.14)

Because the contact width is fixed, the contact stress increases rapidly with an increase in
F. Figure 3-7 illustrates a comparison between Equations (3.13) and (3.14) with
increasing force. At 2350 lbs/in, b is equal to bmax. The pressure increases much more

Contact Pressure (psi)

18000
16000
14000
bmax
12000
b
10000
8000
1500

2000

2500

3000

3500

4000

Force Per Unit Length (lbs/in)

Figure 3-7 Contact pressure for unrestrained b and bmax.
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4500

steeply with bmax because the area of which the contact force is distributed over is
constant.
The contact stress for two cylinders is fairly local, it was shown in Chapter 2 that the
three components of contact stress dissipate significantly by a depth equal to 3 times the
contact half-width. This is also true for contacting external / internal cylinders of
different radii. For splines of equal radii, however, the contact is not local. The load is
distributed over the full length of the tooth, so the contact stress should be considerably
lower. For this reason, the contact stress does not contribute significantly to the
maximum stress at the base of the tooth. However, it is important to monitor the contact
stress to avoid surface failure.

3.3 Tooth Deflections
For a cantilever beam, classic strength of materials gives the deflection at the point
of the load as
δ =

1 Ft ⋅ L3
3 EI

(3.15)

However, this equation is for a long, slender beam of uniform cross-section. Spline
teeth are short and stubby and the cross-sectional area is decreasing continuously as the
profile is traced from root to tip. Thus, the moment of inertia (I) is a function of the tooth
height. The deflection due to shear and bending must also be included. The deflection
from the axial load and the local contact is not significant and is not included. The
following equations are derived from a beam with stresses that remain in the elastic
range.
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3.3.1 Bending Deflection
Castigliano’s theorem is used to determine the deflection due to bending. The
deflection of the tooth is calculated at the tooth midline in the x-direction. The strain
energy due to bending is
L

2

M
U = ∫ t dy
0 2 EI

(3.16)

where Mt is the product of the tangential force (Ft) and L. However, since the crosssection of the tapered beam is not uniform, the equation must be integrated over the
height, L in the y-direction. Applying Castigliano’s theorem, the linear deflection due to
bending is

δ bending

L
∂U L M ∂M
Ft ⋅ y
=∫
=
dy
dy = ∫
∂M 0 EI ∂F
0 E⋅I

(3.17)

I is the moment of inertia defined by
I=

1
l ⋅ t ( y )3
12

(3.18)

where t is the width of the beam at any given y defined as
t( y) =

(t − t )
2
(B − y ) where m = − b p
m
2L

(3.19)

m is the slope of the taper and B is the intercept of the tapered profile as shown in Figure
3-2. Combining Equations (3.17) through (3.19), the equation for the bending deflection
is

40

12 ⋅ Ft ⋅ y

L

δ bending =

∫
0

2

E ⋅ l  ( B − y )
m


3

dy

(3.20)

3.3.2 Transverse Shear Deflection
Although the stress from shear is not included in the maximum stress at the tooth
fillet, the deflection from shear must be. Stegemiller and Houser [30] showed through
finite element analysis that gear teeth do have significant deflections from shear, because
the beam has a very low height-to-tooth thickness ratio. The shear deflection is calculated
using Castigliano’s theorem. The strain energy due to shear is
L

U =

(Ft )2 dy

∫ k GA
0

(3.21)

s

However, instead of a variable moment of inertia, the cross-sectional area is
dependent on y. Applying Castigliano’s theorem the shear deflection is calculated with
the following equation

δ shear

∂U L
2 ⋅ Ft
=∫
dy
=
∂F 0 k s ⋅ G ⋅ A( y )

(3.22)

where G is the modulus of rigidity and ks is the shear constant; for a rectangular cross
section, ks equals 5/3 [18]. The area A, is a function of y, which is the tooth width t,
multiplied by the face width l:
A( y ) =

2
(B − y ) ⋅ l
m

(3.23)
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Combining Equations (3.22) and (3.23) the deflection due to shear is

δ shear =

Ft ⋅ m
ks ⋅ G ⋅ l

L

1

∫ B − y dy

(3.24)

0

3.3.3 Contact Deflection
In the contact of spline teeth, the deflection that is of importance is the half-width,
which is defined in Equation (2.3). It is important to point out that, as with contact stress,
there is a problem when Re = - Ri. Because the radii are in the denominator, the solution
becomes singular. However, since the contact deflection is very local, as is the contact
stress, the contact deflection does not contribute significantly and is ignored. The
contribution of deflection due to contact is shown in Chapter 5.

3.4 Deflection Verification
The total deflection of a spline tooth is found by combining Equations (3.20) and
(3.24) as shown by

δ total = δ bending + δ shear
12 ⋅ Ft ⋅ m3
1
y
Ft ⋅ m
dy +
dy
3
∫
∫
8 ⋅ E ⋅ l 0 (B − y )
ks ⋅ G ⋅ l 0 B − y
L

δ total =

L

(3.25)

This is similar to the model presented by Yau [34] utilizing the strain energy of a tapered
beam, however it is much simpler.
The results of Equation (3.25) were compared to a finite element study performed
by Muthukumar and Raghavan [24], an experimental study by Deoli [10], and
Timoshenko and Baud’s [31] mathematical model. The deflection for a single gear tooth
was determined at the centerline of the tooth at the pitch-point. A static load of 533 lbs/in
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was applied at the pitch point. The experimental tooth was cut from perspex plastic
having a modulus of elasticity of 5.83x105 psi and a Poisson’s Ratio of 0.29. Table 3-1
shows the results for gear tooth parameters of 1 diametral pitch, 14.5° pressure angle, and
21, 26 and 34 teeth.
Table 3-1 Deflection at the tooth centerline. Multiply all results by 0.0001 inches

Number
of Teeth

FEM
results

Deoli’s
experimental data

Timoshenko and Baud
Equation

Equation
(3.25)

21

4.41

4.33

5.78

4.56

26

4.57

4.69

5.91

4.72

34

4.78

4.23

6.02

4.95

The results from Equation (3.25) agree very closely to the results from the FEM and
experimental results. Recall, the lack of fillet results in less stiffness, as also the
simplified taper. So, we expect the predicted deflection to be a little high. Since the
deflection will be used to calculate the tooth stiffness and tooth load-sharing, the results
appear reasonable.
It should be pointed out that the experimental results appear to violate the trend of
increasing deflection with increasing number of teeth. The last result, for 34 teeth, looks
particularly suspect. Note that the measured deflections are in 0.0001in., which is not a
trivial accuracy to obtain.

3.5 Chapter Summary
The involute spline tooth has been simplified with a tapered cantilever beam. The
stress and deflection of a spline tooth has been developed by applying the fundamental
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theory of strength of materials. The deflection results have been compared with
published data by various authors illustrating the accuracy of the model.

44

Chapter 4:

Estimating Tooth Engagement Analytically

In spline couplings, tooth engagement is a sequential process. As a torque load is
applied to a coupling, the clearance between each mating pair of teeth determines the
sequence. Since the clearance is subject to manufacturing variations, each clearance will
be unique. As the torque is increased from zero, the pair with the least clearance will
engage first, followed by the next least clearance, and so on. The load on the engaged
teeth causes them to deflect, allowing additional teeth to engage, thus distributing the
load over more teeth. This process continues until a sufficient number of teeth are
engaged to support the maximum load.
The deflection and tooth stiffness are used to explore the sequence of tooth
engagement based on tooth-tooth clearances. An analytical model has been developed
using these methods to simulate the process. A spreadsheet based on this model has been
created for designers to provide realistic estimates of tooth engagement and loads in
spline applications. The following inputs are required from the designer: number of
teeth, pitch, pressure angle, mean tooth clearance and standard deviation of the tooth
clearance. The output of the program tells the designer how many teeth are in contact,
the percent of load carried by each tooth and the highest value of stress in the coupling.
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4.1 Tooth Stiffness
An important parameter that must be known in order to determine tooth
engagement is the stiffness of a pair of mating internal and external spline teeth.
Equation (4.1) shows the general relationship for a linear spring, where the force is a
function of deflection δ, and the spring rate, or stiffness K.
F = Kδ

(4.1)

Because a single spline tooth is an elastic body, it may be treated as a linear spring. The
force applied, then determines the deflection uniquely.
The stiffness of a single pair of mating spline teeth can be represented as the
combination of two springs in series. As shown in Figure 4-1, each spring represents one
tooth.

Figure 4-1 Series combination of two springs.

Both springs transmit the applied force to the frame, since they are in series. The
total deflection δtotal, is the sum of the two spring deflections, δ1 and δ2. Using Equation
(4.1), the equivalent spring constant of the two teeth in series may be derived from:

F = K1 ⋅ δ1 = K 2 ⋅ δ 2

(4.2)

Substituting the equivalent stiffness for K and the total deflection for δ gives
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F = Keqs ⋅ δ total = Keqs (δ1 + δ 2 )

(4.3)

Solving for Keqs gives
Keqs =

F
F
1
K1K 2
=
=
=
F
F
1
1
δ1 + δ 2
K1 + K 2
+
+
K1 K 2
K1 K 2

(4.4)

Because the sum of K1 and K2 is in the denominator, Keqs will always be less than the
sum of K1 and K2.

4.2 Engagement
As sequential teeth engage in a spline coupling, the equivalent stiffness can be
determined by the number of teeth that are in contact. Figure 4-2 represents a pair of
linear springs in a parallel configuration.

Figure 4-2 Parallel combination of two springs.

The equivalent stiffness of two springs in parallel is the sum of K1 and K2, which is
shown in Equation (4.5). This is a simplified model of two pairs of spline teeth in
contact, sharing the load F.
Keq p = K1 + K 2

(4.5)
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K1 represents the Keqs of Tooth Pair No.1 and K2 is the Keqs of Tooth Pair No.2.
By combining Figures 4-1 and 4-2, the engagement of two pairs of spline teeth
would look like Figure 4-3. The stiffness of each mating internal and external pair adds
in series, resulting in an equivalent stiffness keqs. The equivalent tooth stiffness for both
tooth pairs are then added in parallel.

Figure 4-3 Series / parallel combination of four springs.

K1 and K3 represent the stiffness of the internal teeth, while K2 and K4 represent the
stiffness of the mating external teeth. The corresponding equivalent stiffness of the
series-parallel combination, Keqsp, is calculated by the following equation
Keqsp =

K1K 2
K3 K4
+
K1 + K 2 K 3 + K 4

(4.6)

In general, each spring can have its own stiffness, however in the case of splines,
K1 equals K3 and K2 equals K4. Equation (4.6) can be simplified and easily extended to
any number of teeth in contact. By grouping the stiffness of each mating pair, to form
Keqi, the equivalent stiffness of n teeth in contact is
Keqn = Keq1 + Keq2 + K + Keqn
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(4.7)

If it is known how much each tooth pair must deflect before the next pair of teeth
come into contact, then the number of teeth engaged can be determined based on the
applied force and the stiffness of each tooth pair. This can be seen in Figure 4-4, in
which the force-deflection curve for each tooth pair is plotted simultaneously. The slopes
K1, K2, and K3 are all equal, since the teeth are equal size. It is clear that the deflection of
each successive tooth pair is less than the preceding pair due to the offset difference,
which delays contact. The offset for each curve is due to the sequence of tooth spacing
errors.

3 Teeth are Engaged
Total Stiffness: Keqv = K1 + K2 + K3
Applied Force: F = K1δ1 + K2δ2 + K3δ3

Force

K1
K2

f1

K3

f2
f3

δ1

δ3

δ2

Tooth - Tooth Clearance

Figure 4-4 Individual tooth stiffness.

Figure 4-4 shows how to determine the applied force when three teeth are in
contact. The force on each tooth is the product of the tooth stiffness, Ki and the
deflection, δi. Therefore, the total force carried among the three teeth is the sum of the
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forces on each tooth. It can be seen that the total stiffness is equal to the product of the
number of teeth in contact and the tooth pair stiffness, assuming that each tooth pair have
identical stiffness. The total stiffness or cumulative stiffness of the spline coupling is
given by

Ktot = n ×

Ki Ke
Ki + Ke

(4.8)

where n is the number of teeth engaged and Ki and Ke are the corresponding internal and
external tooth stiffness of a single tooth.
The cumulative stiffness is non-linear due to an increasing number of teeth
engaging with an increasing load. Figure 4-5 shows this non-linearity due to sequential
tooth engagement. It is actually piece-wise linear. When all teeth are engaged, the

Force

stiffness becomes linear, with the final slope equal to n times Ki.

Fmax = Tapp/r
K1+K2+K3
K1+K2
K1

Deflection

Figure 4-5 Force-deflection curve for a spline coupling,
the slope of the line is the cumulative stiffness.
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4.3 Engagement Model
A simple engagement model illustrates the sequence of tooth engagement in a
splined coupling. The model consists of a set of four internal and external straight teeth
as shown in Figure 4-6. The clearances between the mating teeth increase from left to
right: C1 < C2 < C3 < C4. However, in reality, the clearances are random; in this model
the clearances have been sorted to simplify the discussion of their behavior. The external
teeth are constrained rigidly, while the internal teeth are displaced to the right with an
applied force. This model is similar in behavior to a loaded spline coupling, except that
with splines, the teeth are not rectangular and are configured in a radial pattern.
The external tooth thickness in this model has been reduced to allow variations in
mating tooth clearances, while the internal teeth have a constant tooth thickness. The
actual variations in tooth thickness found in spline couplings are small enough that it does
not have a significant effect on individual tooth stiffness, so tooth stiffness may be
assumed constant.
Figure 4-6 shows the initial position of each tooth pair in the engagement model.
As a load is applied to the internal teeth, the clearances (C1, C2, C3, C4) are reduced

Figure 4-6 Initial clearances, no load applied.

51

between each mating tooth pair (TP1, TP2, TP3, TP4). The load is applied incrementally
in the horizontal direction. Figure 4-7 illustrates the sequential tooth engagement process

Figure 4-7 Sequence of tooth engagement.
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at four load increments. Load step 1 (F1) is the initial load causing TP1 to engage. The
reduced clearances at F1 are defined by C1', C2', C3' and C4'. Load step 2 (F2) is the
load required to engage TP2, and so on, until TP4 is engaged at load step 4 (F4) with
clearances, or deflections, defined by C1'''', C2'''', C3'''' and C4''''. The overlap shown
between engaged teeth at each load step, indicates the amount of deflection required to
bring the next tooth pair into contact.
It is important to understand that TP1 carries the applied load unshared until
additional teeth engage. Due to load sharing, TP1 picks up an increasingly smaller
portion of each subsequent load increment. The clearance and/or deflection of each tooth
pair at each load step are listed in Table 4-1. At the final load step, TP4 is engaged, but
has not deflected. The clearances and deflections may be calculated in terms of initial
tooth clearances. The deflections are designated by shaded cells in Table 4-1. Using the
deflection and stiffness of each tooth pair, the load carried among the mating pairs can be
determined. The individual loads can then be used to determine the tooth stresses.
Table 4-1 Tooth clearances and deflections.

Load
Tooth Pair #
TP1
TP2
TP3
TP4

0
Ci
C1
C2
C3
C4

Clearances \ Deflections
F1
F2
F3
F4
Ci'
Ci"
Ci"'
Ci""
0
-(C2-C1) -(C3-C2) -(C4-C1)
C2-C1
0
-(C3-C2) -(C4-C2)
C3-C1
C3-C2
0
-(C4-C3)
C4-C1
C4-C2
C4-C3
0
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4.4 Statistical Model
The clearance between mating teeth may be approximated as being normally
distributed, defined by a mean and a standard deviation. Bain and Engelhardt [4] stated
that normal distributions frequently occur in nature and industrial operations. Michalec
[23] found that most gear and spline parameters follow a normal distribution, or that they
can be satisfactorily approximated as normal.
The Central limit theorem states that an approximate distribution may be
determined if the exact distribution is unknown [4]. Because there are three sources of
error for each tooth, there are six errors for each mating tooth pair. Chase [8] determined
that if the individual tooth errors are non-normal, after adding all six, the composite
distribution for the clearance will approach a normal distribution.
The means of the distributions add numerically, while the standard deviations add
by root-sum-squares [23]. This is the result of the combination of distributions of
independent variables varying within their tolerance ranges.
µ R = µ1 + µ 2 + µ 3 + ⋅ ⋅ ⋅ + µ n

(4.9)

σ R = σ 12 + σ 22 + ⋅ ⋅ ⋅ + σ n2

(4.10)

These equations may be used for combining independent variables with any type of
distribution. The resultant distribution will be approximately normal as long as there is
no single non-normal component that is much larger than the others, thus dominating the
resultant sum.
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4.4.1 Tooth Clearance
The tooth clearances are distributed as shown in Figure 4-8, which is the normal
probability density function (PDF), where the mean and standard deviation are calculated
using Equations (4.9) and (4.10). The tooth pair with the smallest clearance will be the
first to engage. Additional teeth will engage sequentially according to their clearance
values, with the majority of tooth engagement clustered near the mean. Depending on the
spread of the distribution and the magnitude of the load, the last tooth may never come in
contact. For low magnitude loads, the first few teeth may be all that are required to carry
the load.

1st Tooth

Nth Tooth

Tooth Clearances

Figure 4-8 Normal variation of tooth clearances.
Clearances increase from left to right.

It is also useful to plot the cumulative density function (CDF) in order to represent
variations in tooth clearances. Figure 4-9 utilizes the PDF and the CDF for a normal
distribution to generate normally distributed tooth clearances. Consider a uniform
distribution of teeth plotted on the vertical axis, equally spaced. By projecting horizontal
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lines from the center of each interval on the vertical axis, until it intersects the CDF
curve, then projecting down to the horizontal axis, the tooth clearances are transformed
from uniform to normal. The tick marks on the vertical axis define the probable locations
of each tooth, which is discussed further in Chapter 8.
The spread of the normal distribution is determined by the tolerance limits of the
tooth clearances. If the tooth-tooth clearance is known for a particular pair of teeth, then
it can be predicted when the teeth will engage. To determine this, it is necessary to know
how much a single tooth will deflect under a given load.

Figure 4-9 Cumulative normal distribution function of tooth engagement model.

4.5 Effective Tooth Engagement
Currently a designer estimates the load which can be safely carried by the spline
coupling, using the recommended number of teeth in contact, currently 25-50% of the
total teeth. The applied load is divided equally among the teeth in contact to determine
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the load capacity. Depending on the variation in tooth-tooth clearances, this may not be
an accurate method.
With the engagement tool developed through this research, the designer can now
determine how many teeth are actually engaged and what portion of the applied load is
carried among each tooth pair. However, it is not always effective to observe the load on
each tooth, especially on couplings having high numbers of teeth.
Therefore, an Effective Tooth Engagement, or ETE, parameter has been defined.
The ETE tells the designer how many teeth are required to carry the total load based on
the load carried by Tooth Pair No.1, as shown in Figure 4-10. ETE assumes that each

Figure 4-10 Effective Tooth Engagement.

engaged tooth is loaded at the same stress as the highest stressed tooth. The ETE is
determined by
ETE =

Fapplied

(4.11)

f1
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where Fapplied is the total load applied to the coupling and f1 is the load carried by Tooth
Pair No.1. To be conservative, ETE is rounded down to a whole integer.
This gives a more realistic estimate of the tooth stresses based on the highest
loaded tooth. It allows the designer to calculate the tooth load as he is accustomed. He
can still divide the load by the number of teeth in contact. He just uses a better estimate
than arbitrarily assuming 25 to 50%.

4.6 Chapter Summary
Tooth stiffness relationships were developed to model contacting teeth. It was then
further applied to the engagement of multiple teeth. A simple model was presented to
illustrate sequential tooth engagement in splined couplings based on variable clearances
between mating teeth. The tooth clearances have been modeled with a normal
distribution, resulting in a set of probable tooth-tooth clearances. Finally, the concept of
Effective Tooth Engagement has been presented, allowing a more accurate estimate of
the capacity of a spline coupling.
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Chapter 5:

Model Verification

Before a full finite element analysis could be performed for a splined coupling,
simple models were used to verify that ANSYS could accurately model stress and
deflection from contact, bending and shear loads. This chapter includes case studies of
two parallel cylinders, contacting gear teeth, two parallel nesting cylinders, and a single
pair of contacting spline teeth.

5.1 Case I: Two Parallel External Cylinders
The main objectives for Case I are to become familiar
with the use of contact elements in ANSYS and to compare the
well-known solution of the classical Hertz problem for two
parallel elastic cylinders in contact to the solution from
ANSYS.
Case I models the contact stress and deflection in two
parallel cylinders as shown in Figure 5-1. The two cylinders
are pressed together with force F, which is distributed evenly
along the length l, of the cylinders. The radius of each cylinder
is defined by R1 and R2. The radii can differ in size and sign or
they can be equal.
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Figure 5-1 Parallel
cylinders model.

5.1.1 ANSYS Model
The actual geometry used for the analysis varies slightly
from Figure 5-1. To simplify the model, only half of the cylinders
were modeled, invoking a plane of symmetry at the midline as
shown in Figure 5-2. The rollers along the midline symbolize
constraints which prevent horizontal displacement, but permit
vertical compression of the cylinders. The force (F) is applied at
one end, while the other end is constrained. Due to symmetry, the
applied force is half of that used in the Hertz analysis. Plane stress
is used to model the thickness of the cylinders, because the plates
in the multi-disc brakes are relatively thin and have small variations
in stress with depth.
The parameters used in this analysis are defined as follows:
R1 = 0.25 in, R2 = 0.25 in, ν1,2= 0.30, E1,2 = 30x106 psi, F = 50

Figure 5-2 Mesh and
boundary conditions
for Case I.

lbs/in (force per unit thickness). Plane 42 elements were used to mesh the geometry,
which are four node quadrilaterals. Each node has two degrees of freedom; displacement
in the horizontal and vertical directions. In the area away from the contact region, the
average element size was 0.01 in. However, the mesh near the contact zone was much
finer, with an average element size of 1.35x10-5 in. Point-to-line contact was modeled
with Contact 175 and Target 169 elements.
The Contact 175 elements were found to give the best results. Each element is
composed of a single point. These were applied at the contact zone on the top cylinder.
Target 169 elements represent a straight line between two nodes and were applied at the
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contact zone on the lower cylinder. Because the contact elements represent a spring
between the two bodies, a stiffness is applied to each contact pair. The default stiffness
was adequate for this analysis, which was the modulus of elasticity of the upper cylinder.
As ANSYS computes the solution, it is constantly testing the status of each
contact pair and updating as necessary. This requires the non-linear solver to apply the
load in small increments. After each load step is applied, ANSYS determines if the
contact element has penetrated the target. If the load step is too big, the contact and
target elements could move far enough away from each other that ANSYS does not
recognize that contact occurred. This results in a solution which does not converge or is
unconstrained. To ensure convergence, this case utilized 24 equal load increments.

5.1.2 ANSYS Results
The contour plots shown in Figure 5-3 display the contact stress (σy). Figure 5-3a
shows the stress contours in the area surrounding the contact zone. The nodal solution

(a)

(b)
Figure 5-3 ANSYS results for contact stress in Case I: (a) Nodal solution;
(b) Element solution.

averages the stress at element boundaries to display smooth contours. Figure 5-3b shows
the stress contours at the contact zone. The element solution displays exact values of
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stress.

If the contours have discontinuities between adjacent elements, then the mesh

may not be fine enough.
It can be seen in the nodal solution that the stress contours are elliptical. Smooth
contours near the region of contact in the element solution verify that the mesh is
adequately refined. The maximum contact stress occurred at the midline, which was
62,335 psi. The contact half-width was 5.27x10-4 in. and is clearly defined in Figure 5-3
by the appearance of red contours, which designate approximately zero stress.

5.1.3 Hertz Comparison
The results, which are compared to those obtained by Hertz theory, are half-width
b, contact pressure σy (the stress normal to the contact surface), σx (stress orthogonal to
the contact pressure) and the shear stress τxy. Commonly, the results are displayed as the
ratio of stress to the maximum stress, or maximum pressure Pmax. Figure 5-4 shows the
results obtained by the finite element analysis and those calculated by Hertz theory using
Equations (2.6) - (2.7). The horizontal axis is the depth normal to the contact surface. A
maximum depth equal to three times the half-width is plotted. All stresses are nondimensionalized with respect to Pmax. It is clear from Figure 5-4 that the results from
ANSYS follow very closely to those predicted by Hertz.
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1
sx ANSYS

Ratio of Stress to P max

sy ANSYS

0.8

txy ANSYS
sx HERTZ
sy HERTZ

0.6

txy HERTZ

0.4
0.2
0
0

0.0005

0.001

0.0015

Distance from Contact Surface

Figure 5-4 Hertz and ANSYS stress verses depth normal to the contact surface.

Table 5-1 shows the numerical results from ANSYS and Hertz for the half-width
and the maximum pressure. Although the percent difference in b is 7.2%, the actual
difference between ANSYS and Hertz is very small. The half-width in the ANSYS
model was larger than that predicted by Hertz. As a result, the maximum pressure was
smaller in the ANSYS model.
Table 5-1 ANSYS and Hertz results for half-width b, and maximum contact pressure
Pmax, for Case I.

b, in.
Pmax, psi

ANSYS
5.27E-04
62335

Hertz
4.91E-04
64788

Difference
3.53E-05
2473

Percent Difference
7.2%
3.8%

A plot displaying the contact pressure across the contact zone is shown in Figure
5-5. The shape of the contact pressure follows the elliptical shape shown by Hertz in
Chapter 2.
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Figure 5-5 Contact pressure across the half-width b.

These results verify that the method used to represent contact stress between two
parallel elastic cylinders in ANSYS is accurate. The distribution of contact pressure
matches that which was determined by Hertz, as well as the three components of stress
and the contact half-width.

5.2 Case II: Simplified External Gear Teeth
This case verifies that the contact stress between mating gear teeth can be
modeled as two parallel cylinders. Figure 5-6 shows a pair of external gear teeth in mesh.
The radius of curvature at the point of contact is shown as R1 and R2. The contact force
is represented by Fn. As gear teeth mesh, the point of contact shifts continuously from
the tip of the tooth to the base, while the radii of curvature vary correspondingly.
However, it is common practice to approximate the contact stress by assuming two
constant radii cylindrical surfaces. This is considered reasonable, since contact stress is
local. Case II represents contact at the pitch circle, which is where contact occurs in an
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ideal spline [16]. In this model, it is desirable to isolate the contact stress. The
deflections and stresses from bending and shear were not included in this model by
applying constraints at the midline of each tooth..

Figure 5-6 Meshing external gear teeth.

5.2.1 ANSYS Model
Figure 5-7 shows the ANSYS model used to represent contacting gear teeth. A
distributed force was applied to the upper tooth, which is represented by F. The
boundary conditions applied to the lower tooth keep it stationary and restrain it from
bending. The upper tooth was constrained to only allow movement in the horizontal
direction. The horizontal degrees of freedom of the vertical nodes on the midline of the
upper tooth were coupled to prevent the tip of the tooth from bending when contact
occurs.
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Figure 5-7 Mesh and boundary conditions for Case II.

The parameters used to define the model are: N1,2 = 100, P = 12, φ = 37.5°, ν1,2 =
0.30, E1,2 = 30x106 psi, F = 400 lbs/in. N is the total number of teeth on each gear.
Plane 42 elements were used to mesh the geometry. The elements in the contact zone
were refined to obtain an average element size of 2.0x10-4 in. The average element size
throughout the model was 0.002 in. Contact 175 and Target 169 elements were used to
model the contact between the teeth. The stiffness between contact elements was left at
the default setting.
The solution was obtained with the same methods described in Case I using the
non-linear solver in ANSYS. The load was also applied in 24 equal increments.

5.2.2 ANSYS Results
The results obtained from the finite element analysis performed in ANSYS show
considerable similarities to the previous case. Figure 5-8 are contour plots of the contact
stress represented by the third principal stress component σ3, which is perpendicular to
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the contact zone. Figure 5-8a shows the nodal solution of the contact stress throughout
the model. The asymmetric shape of the contours further away from the contact zone is
suspected to be an effect from the boundary conditions. Figure 5-8b shows the element
solution at the contact zone. The plot of the contact stress shows the same elliptical stress

(b)

(a)

Figure 5-8 ANSYS results for contact stress in Case II: (a) Nodal solution;
(b) Element solution.

contours seen in Case I. The results show that the contact stress was successfully isolated
in the model. The maximum contact stress was 46,356 psi, which occurred at the center
of contact; the half-width was 7.35x10-3 in.

5.2.3 Hertz Comparison
To be able to compare the results from ANSYS to those obtained by Hertz for two
parallel cylinders, the radius of curvature at the pitch circle must be known for each
tooth. Using Equation (2.11), the radius of curvature of each tooth was 2.56 in.
Table 5-2 shows the maximum pressure and the half-width obtained from ANSYS
and Hertz for Case II. The results from ANSYS are very close to those predicted by
Hertz. Although the actual difference in the contact half-width is greater than Case I, the
percent difference is smaller. These results verify that the contact between mating gear
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teeth can be accurately approximated using the solution of Hertz theory for two parallel
cylinders.
Table 5-2 ANSYS and Hertz results for half-width b, and maximum contact pressure
Pmax, for Case II.

b, in.
Pmax, psi

ANSYS
7.35x10-3
46356

Hertz
7.0 x10-3
45481

Difference
3.51 x10-4
875

Percent Difference
5.0%
1.9%

One factor that may contribute to the error is the assumed uniform load distribution
on the midline of the upper tooth. It is only an approximation. An additional item that
may introduce variation in the ANSYS solution is that in gear teeth the radius of
curvature changes as the point of contact moves away from the pitch circle. Hertz theory
assumes constant radii across the contact width. However, this effect is considered
minimal because the radius does not change drastically. The error will be negligible if
the contact width is small compared to the radius of curvature.

5.3 Case III: Parallel Nesting Cylinders
Parallel nesting cylinders are common in many different applications. This is
commonly seen in ball bearings. This model is used to represent contact between mating
spline teeth and in external and internal meshing gears, such as those found in planetary
gear trains. Figure 5-9 represents a pair of contacting internal and external cylinders with
radii Ri and Re and length l.
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Figure 5-9 Internal and external
contacting cylinders.

Case III utilized the Hertz theory applied to Case I, but used a negative radius Ri,
for the internal cylinder. The contact stress and half-width were modeled with a finite
element analysis performed in ANSYS.

5.3.1 ANSYS Model
The geometry and boundary conditions were
modeled similarly to those used in Case I. A plane of
symmetry was used at the midline as shown in Figure
5-10. The rollers at the base of the lower body restrict
vertical movement, but allow expansion in the horizontal
direction. The rollers at the midline permit vertical
compression. The force (F) is applied as a point load.
The thickness, or length (l) of the cylinders is modeled
with plane stress.
As shown in Chapter 3, if the two radii are equal
and opposite in sign, no solution is feasible for the contact
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Figure 5-10 Mesh and
boundary conditions
for Case III.

pressure and the half-width. Therefore, a radius modification factor, Rmod was used. The
external radius is defined as
Re = − Ri ⋅ (1 − Rmod )

(5.1)

where Rmod is a percent. The external radius was decreased because in splines, the radius
of curvature of the external spline tooth is reduced when clearance is present. This
singularity was also observed in ANSYS. If both radii were equal and opposite, ANSYS
would crash. A sensitivity study was performed to determine what value should be used
for the modification factor. The stress and half-width were very sensitive to small
variations in Ri and Re. Several values were run to determine the optimal value used for
Rmod. The study showed that values for Rmod between 1% and 3% yielded very close
results between ANSYS and Hertz. The complete results from the study can be found in
Appendix C.
The parameters used to define the geometry and the materials for Case III are
defined as follows: Re = 0.245 in, Ri = -0.25 in, Rmod = 2%, ν1,2 = 0.30, E1, 2 = 30 x106
psi, F = 150 lbs/in. Plane 42 elements were used to model the geometry. The average
element size at the contact zone was 2.0x10-4 in. The average element size throughout
the model was 0.035 in. The contact between the two cylinders was modeled with
Contact 175 and Target 169 elements. The stiffness of the contact elements was left as
the default.

5.3.2 ANSYS Results
Figure 5-11 shows the contact stress results from ANSYS. The stress plotted (σy)
is normal to the contact surface. Figure 5-11a shows the nodal solution of the stress
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contours throughout both cylinders, the distributions are fairly symmetric. The contours
follow the elliptical shape shown in the previous two cases. Figure 5-11b shows the
element solution of the stress at the contact zone. It shows some discontinuities in the
contours, but they are not close enough to the contact zone to be significant. The
maximum contact stress occurred at the midline, which was 7,700 psi. The half-width
was 1.24x10-2 in.

(a)

(b)
Figure 5-11 ANSYS results for contact stress in Case III: (a) Nodal solution;
(b) Element solution.

5.3.3 Hertz Comparison
Table 5-3 shows the results from ANSYS compared to the solution obtained by
Hertz theory using Equations (2.3) and (2.7). The half-width was slightly larger than that
predicted by Hertz, which resulted in a lower maximum pressure. These results show
that ANSYS can accurately model contact between nesting cylinders.
Table 5-3 ANSYS and Hertz results for half-width b, and maximum contact pressure
Pmax, for Case III.

b, in.
Pmax, psi

ANSYS
1.24x10-2
7700

Hertz
1.19x10-2
8015
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Difference
4.45x10-4
315

Percent Difference
3.7%
3.9%

5.4 Case IV: Single Spline Tooth Pair Model
Case IV models the stress and deflection of a single pair of spline teeth subject to
an applied torque. This case is necessary to determine the accuracy of the strength of
materials model described in Chapter 3. The boundary conditions are such that effects of
shear, bending and contact loading were included.

5.4.1 ANSYS model
The model used for this analysis is a fraction of a full tooth model. Three teeth are
modeled as shown in Figure 5-12. However, contact elements were only defined along
the middle teeth shown with the red line in Figure 5-12 because no constraints were
applied along the vertical segments. A rotational displacement was applied as shown by
the black arrow, which replicates a torque. A force or moment could not be applied
because of model instabilities, which are discussed further in Chapter 6. The rollers

Figure 5-12 Mesh and boundary conditions for Case IV.
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along the backside of the internal teeth ensured that the internal teeth would not pull
away from the external teeth. The external teeth were fixed rigidly along the inner line as
shown by the triangles in Figure 5-12. The additional teeth are modeled on either side of
the contacting pair to provide adequate material representing a full base.
The parameters used to define the geometry and the material are defined as: N =
102, P = 5, φ = 14.5°, E1,2 = 30x106 psi, ν1,2 = 0.30. There are 25 division along the
contacting tooth flanks and 12 divisions along the fillet root. The external and internal
teeth were flat root fillet having fillet radii of 0.08 in. and 0.06 in., respectively. The
outer radius of the internal teeth was 10.88 in.; the inner radius of the external teeth was
9.4 in. The torque was applied as a tangential displacement to the outer radius in 31
equal increments, which resulted in 2677 in-lbs of torque.
The geometry is represented in 2-D with Plane 42 elements, thickness effects were
modeled utilizing plane stress with a thickness of 0.1 in. The average element size
throughout the model was 0.02 in. The average element size at the contact zone was
0.008 in. The contact was modeled with Contact 175 and Target 169 elements. The
contact stiffness was the default value which was equal to the modulus of elasticity.

5.4.2 ANSYS Results
Figure 5-13 shows the nodal contour plots of each component of stress in the spline
teeth. Figure 5-13a shows the third principal stress σ3, which is perpendicular to the
contact surface. It appears that the contact stress may reach deep enough to have an
impact at the fillet region. Figure 5-13b shows the shear stress τxy in the plane. It is
interesting to point out that the maximum occurs at the lower half of the fillet. Figure
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5-13c shows the horizontal component of stress, or σx. This shows significant stress just
below each tooth. Figure 5-13d is a nodal contour plot of the bending stress, or σy. This
contour plot shows which fillet on each tooth is in compression and which is in tension.
As expected, the external tooth had the highest stress at the fillet opposite to the loaded
flank. From these four plots, it appears that there is some interaction among the stress
components.

(a)

(b)

(c)

(d)
Figure 5-13 Nodal solution from ANSYS: (a) Third Principal stress σ3;
(b) τxy; (c) σx; (d) σy.

Figure 5-14 shows the element contours of the Von Mises stress. The stress
contours are fairly smooth showing that the mesh is refined sufficiently.
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Figure 5-14 Element solution from ANSYS of the Von Mises Stress.

Table 5-4 shows the value of the Von Mises stress at each fillet on the external
and internal teeth. The external tooth was loaded on the left flank, resulting in higher
stress at the right fillet. The internal tooth was loaded on the right flank; therefore, the
stress at the left fillet was greater than the right fillet. In both teeth, the larger stress was
compressive, while the smaller stress was tensile. Of course, Von Mises stress is always
positive.
Table 5-4 Von Mises stress for the internal and external teeth.

Tooth

Stress at Left Fillet Stress at Right fillet

External

36,824 psi

39,578 psi

Internal

37,681 psi

35,742 psi

Figure 5-15 shows the contact pressure at various load increments along the left
tooth flank of the external tooth. Figure 5-15a shows that initially the distribution of
contact pressure follows the elliptical shape found in Case I. As the load increases, the
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contact pressure levels out (Figure 5-15b). Spikes at the tip and the base of the tooth
occur with higher loads (Figure 5-15c-d) becoming the dominant contact pressure.
The maximum contact pressure from ANSYS is 12,636 psi. This is the spike at
the tip of the external tooth. If the spikes are ignored then the maximum pressure is
7,452 psi, which occurs very close to the center of the contact width. Although the
contact stress is significantly lower than the bending stress at the tooth fillet, it should not
be neglected, as it may contribute to surface fatigue failure.
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Figure 5-15 Contact pressure on the external tooth from ANSYS: (a) Load step 1;
(b) Load step 11; (c) Load step 21; (d) Load step 31.

Figure 5-16 shows the deflection across the width of the external tooth. At the left
flank, the deflection is slightly higher than the deflection at midline. This is probably due
to the contact load deflection. The difference in the deflection at midline and the left
flank is approximately 2.5x10-5 in. This is difficult to determine using Hertz theory for
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two reasons. First, the deflection α, is the change in center distance between the mating
cylinders as defined by Equation (2.3). Because the center of the radius of curvature is a
virtual point, not on the tooth, α cannot be determined accurately. Secondly, there is no
known relationship to determine the radius of curvature based on the variation in tooth
thickness. In addition, since the exact value to use for Rmod is unknown, an accurate
comparison cannot be made between Hertz and ANSYS.
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Figure 5-16 Deflection across the external tooth.

The contact load is slightly greater than what would normally be seen by a tooth of
these proportions, so the deflection from contact normally is even smaller. The
percentage of the total contact would be smaller because the deflection increases nonlinearly with force. This deflection is considered minimal and is not included in the
overall stiffness model. This may be an area where further investigation is desirable.
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5.4.3 Comparison with Analytical Model
The analytical model incorporates the Strength of Material’s Model (SMM)
discussed in Chapter 3 using force-deflection relationships at the point of load. The
model assumes a uniformly distributed load and replaces it with a point load at the center,
which is assumed to be at the pitch point. Because ANSYS models contact between the
entire tooth flanks, the load is distributed across the length of the contact width. It was
necessary to find an equivalent load that could accurately replace the distributed load and
determine a force-deflection relationship which could be used for comparison with the
analytical model. The deflection of the spline tooth is taken at the mid-plane, located at
the pitch point.
Half-width is not compared because the half-width determined by Hertz is greater
than the length of the tooth flank. The contact force used to determine the maximum
pressure using Hertz theory was 271.1 lbs; this was the sum of the nodal forces across the
width of contact which were normal to the surface.
The radius of curvature for each tooth was determined with Equation (2.11). The
Rmod factor used to reduce the external radius was 1.0%. The exact value of the radius of
curvature in the ANSYS model is unknown. However, since the deflection due to contact
is insignificant and the contact pressure is not pertinent, it is not imperative that the exact
value is known. The radius of curvature at the pitch circle for the internal and external
teeth was -2.554 in. and 2.528 in., respectively.
Table 5-5 shows the results from ANSYS and SMM. The stresses and deflection
are listed for both internal and external teeth. The results show that the internal tooth is
slightly stiffer than the external teeth. Equations (3.19) and (3.23) were used to
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determine the deflection from shear and bending loads. For each tooth, the deflection due
to bending was slightly less than 50%. This is because the teeth are very short and
stubby. This is not obtained from the ANSYS model because it was not be feasible to
isolate the bending deflection from the shear deflection.
Because the spline teeth are not attached to a perfectly rigid base, it is expected
that there is some deflection due to compliance in the base material. This may explain
why the deflections in the ANSYS model are larger than that predicted by SMM.
Table 5-5 Results from ANSYS and SMM comparing tooth deflections, stresses and tooth stiffness.
(* includes pressure spikes)

Model
δext (in)
δint (in)
δtot (in) Kext (lbs/in) Kint (lbs/in) Ktot (lbs/in)
539292
582222
280213
ANSYS 4.95x10-4 4.5x10-4 9.45x10-4
-4
-4
-4
568108
584361
288060
SMM 4.62x10 4.49x10 9.11x10
6.67%
0.2%
3.6%
5.3%
0.4%
2.8%
Error
Fillet stress at
Fillet stress at
Percent of dtot
internal tooth (psi)
external tooth (psi) due to dbending
Model L. Flank R. Flank L. Flank R. Flank Ext.
Int.
Pmax (psi)
35742
36824
39578
N.A. N.A. 7452 / 12636*
ANSYS 37681
36507
33491
38499
41920
46
47
7500
SMM
3.1%
6.3%
4.5%
5.9%
0.6 / 40.6%*
Error
There is some variation between ANSYS and SMM for stress at the fillets. In the
case of the internal tooth, SMM predicted stresses lower than those obtained by ANSYS.
Conversely, the stresses on the external tooth were slightly higher than those from
ANSYS.
The maximum contact pressure between both models is within 48 psi if the spikes
shown in Figure 5-15 are ignored. The contact stress from ANSYS should be treated as
an approximate value, because the exact radius of curvature is not known.
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5.5 Chapter Summary
Contact has been modeled accurately in two parallel external cylinders to verify
correspondence with Hertz theory. It was then determined that contact in a pair of mating
gear teeth could be modeled effectively, using the Hertz model for parallel cylinders.
Subsequent analyses were done to determine if contact could be accurately modeled in
ANSYS using parallel nesting cylinders. With the assumption that Case III closely
represents spline teeth, (concave and convex mating profiles) the contact has been
modeled. The final step was to generate a full model for a single pair of contacting spline
teeth, which includes deflection and stresses from all three components: shear, bending,
and contact. Overall, the results between SMM and ANSYS are very similar.
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Chapter 6:

Engagement Verification

The results from Chapter 5 are combined in a multi-tooth engagement model in
ANSYS and STEM. Variation is included in both models, allowing manufacturing
variations to be represented between mating teeth. The results from ANSYS and STEM
are compared. In addition, preliminary experimental results are presented, which
conceptually verify the tooth engagement predicted in the analytical models.

6.1 Statistical Tooth Engagement Model
The tooth engagement model, discussed in Chapter 4 has been implemented in a
model, which determines tooth engagement. The Statistical Tooth Engagement Model,
or STEM, incorporates tooth geometry and variations to supply the designer with an
estimate of the number of teeth sharing the applied load. The stiffness of a single tooth is
determined, as well as the accumulated stiffness as additional teeth engage sequentially.
An applied force may be specified by the designer and the output of STEM will show
tooth stresses for the first engaging tooth pair, deflection, load per tooth, and the effective
number of teeth engaged.
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6.2 ANSYS Tooth Engagement Model
A parametric model of a set of mating spline teeth was created using the ANSYS
Parametric Design Language (APDL). A listing of the Parametric Spline Engagement
Model, or PSEM, can be found in Appendix D. The inputs for the PSEM are several
parameters which define the spline geometry, as well as applied loads and material
properties. The PSEM performs the following functions:
• Generate the involute curve for internal and external teeth (see Appendix E for
derivation)
• Includes variations in tooth-tooth spacing
• Creates a full or segment spline model
• Meshes the tooth profile areas with 2-D plane elements
• Refines the mesh in critical locations (contact face and fillet root)
• Applies contact elements to the mating teeth
• Applies displacement loads and constraints
• Performs a non-linear analysis
• Determines individual tooth deflections throughout the loading sequence
• Determines the number of teeth engaged throughout the loading sequence
• Determines the load per tooth throughout the loading sequence
• Provides a graphical image of the resulting stress distribution
The tooth thickness t, of the external tooth, is reduced to create the specified
clearance. The magnitude of the clearance can be defined or randomly generated by
specified parameters, based on a normal or uniform distribution.
The PSEM may be automated to run ANSYS repeatedly, while varying such
parameters as: pitch, pressure angle, number of teeth, etc. Using the PSEM, one can
perform various sensitivity studies quickly, which are discussed in Chapter 8 and
Appendix C.
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The PSEM model represents a set of mating internal and external spline teeth. The
external teeth represent the shaft in a multi-disc brake system. The internal teeth
represent the brake disc, as shown in Figure 6-1. The boundary conditions are such that
the external teeth are rigidly fixed. A tangential load is applied to the outer ring. Figure
6-1 shows a model of a spline segment with the applied loads and boundary conditions.

Figure 6-1 Boundary conditions and loads for a partial ANSYS model.

Roller constraints are required to prevent the internal teeth from pulling away from the
external teeth as the load is applied. The contact regions are modeled with contact
elements, which constrain the two bodies together. Because the contacting surfaces are
not initially in contact, an applied force causes instabilities within the model. Therefore,
a displacement was applied to the outer ring. To accurately represent an applied torque,
the displacement was applied in a cylindrical coordinate system.
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The teeth on the ends of the spline segments have no contact elements, because
there are no constraints applied at the symmetry planes. If they made contact, the teeth
would have a much lower stiffness because of the lack of material at the base. One extra
tooth on each side is an adequate distance away from the contacting teeth to avoid this
issue. This is not a problem in the full model, which is shown in Figure 6-2. The roller
constraints are not needed because the entire circumference of the outer ring is modeled.
The full model includes contact elements between every tooth pair. The external teeth
are fixed in the same manner as the partial model. However, due to the large number of
elements, a full model is not effective to run. The limits of the educational version of
ANSYS are quickly exceeded.

Figure 6-2 Boundary conditions and applied load for full ANSYS model.

The full model is not necessary, because the typical applied load is only sufficient
to engage a fraction of the teeth. Therefore, the engagement characteristics and stresses
can be observed with a fraction of the full model. Also, although the teeth engage in
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random order, determined by the variable clearances in the model, the teeth are sorted in
order of increasing clearance. This forces the teeth to engage in numerical order. This
sorting is merely a modeling convenience, as it brings all the engaged teeth together in a
common segment for ease of display. It also shows dramatically, how the load is
distributed among the teeth, from first to engage, to the last.

6.2.1 ANSYS Test Model
A segment of a spline coupling having 102 teeth was modeled with 10 teeth,
utilizing the partial model technique shown in Figure 6-1. The ANSYS model, with the
applied boundary conditions, is shown in Figure 6-3.

Figure 6-3 Boundary conditions and loads for the 10-tooth ANSYS model.

The boundary conditions are applied to rigidly fix the lower body, while the upper
is able to rotate. Note the rollers along the backside of the brake disc. The rollers
prevent the teeth from pulling apart and makes the outer ring equivalent to a very thick
ring. The red lines signify where the contact regions are defined. The clearances
between each pair of mating teeth are shown in Figure 6-4. The clearances are typical
values seen in splines of multi-disc brake applications and were randomly generated.
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Figure 6-4 Individual tooth clearances for ANSYS model.

An example of the mesh is shown in Figure 6-5. The mesh is refined along the
involute profile, which is the contact region. The refinement is controlled by the user as
well as the refinement at the fillet root by specifying the number of divisions.
The parameters used to define the geometry and the materials are defined as
follows: N = 102, P = 5, φ = 14.5°, l = 0.1 in., Applied Displacement = 0.0015 in., E1,2 =
30x106 psi, ν1,2 = 0.30. The external and internal teeth were flat root fillet having a fillet
radius of 0.08 in. and 0.06 in. The finite element mesh has regular square elements along

Figure 6-5 Sample mesh of mating tooth pair.
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the contact surface. There were 22 divisions along the contacting tooth flanks and 12
divisions along the fillet root.
Plane 42 elements were used to model the tooth geometry in 2-D. The axial
length of the spline teeth was accounted for with the Plane Stress Thickness option. The
average element size was 0.02 in. The average element size along the contact zone and
the tooth fillet was 0.01 in. Point-to-line contact was modeled with Contact 175 and
Target 169 elements. The stiffness of the contact elements was left as the default.
The load applied to the model is equivalent to a torque of 27,288 in-lbs, which
was applied in 28 equal increments. The torque results in equivalent tooth loads
commonly seen in these brakes.

6.3 ANSYS and STEM Results
The results from ANSYS and STEM were compared using the same clearances.
The individual components of stress in the spline teeth were calculated to verify the
individual components with STEM. The percent of the total load carried on each tooth
was also compared, as well as the number of effective teeth carrying the load.

6.3.1 Contact Stress
Figure 6-6 shows the third principal stresses σ3, which represents the contact
pressure at the mating tooth faces. It can clearly be seen that the teeth engaged from left
to right. The variation in contact stress is apparent, being greater for the first pair to
engage and least for the last to engage, as expected. Thus, the contact stress decreases
with increasing clearance. It can also be seen that the entire profile of each pair is in
contact.
87

Figure 6-6 Nodal solution from ANSYS showing contact stress.

Figure 6-7 shows the contact pressure on each external tooth at the maximum load
applied. Tooth No.10 has just barely come into contact and carries a small share of the
load. While Tooth No.1 has continued to increase its share in spite of Teeth 1 thru 9
sharing the load. It is surprising that it is initially quite uniform from base to tip.
However, as the contact load increases for each preceding tooth, the variation in contact
pressure increases across the tooth flank. With higher loads, a spike develops at the base
of the tooth, which was shown in Chapter 5.
Although Figure 6-7 shows the stress distribution on all 10 engaged teeth at the
maximum load, it also illustrates the history of stress distribution for Tooth No.1. Tooth
No.10 has just engaged, and carries a small fraction of the load, Tooth No.9 carries
slightly more, and so on, until Tooth No.1, which carries the larger share. Since the tooth
geometry is the same for all 10 teeth, each tooth represents the distribution which Tooth
No.1 must have had when it carried a similar load.
88

Contact Pressure, psi

20000

T1
T2
T3

15000

T4
T5

10000

T6
T7
T8

5000

T9
T10

0
<==Base

Tip==>

Figure 6-7 Distribution of contact pressure across the contacting
flank of each tooth for the applied torque of 27,288 in-lbs.

Figure 6-8 shows the average contact pressure on each tooth from ANSYS, as well
as the results from STEM. The variation in contact pressure from ANSYS may be due to
the change in the radius of curvature in the spline teeth, due to the involute geometry. A
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radius modifier was used for the Hertz analysis performed in STEM. The external tooth
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Figure 6-8 Contact pressure on each tooth in contact. STEM results are actual
values, ANSYS results are average values.
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radius was reduced by 1%. An additional cause of variation may be due to the spikes in
contact pressure shown in Figure 6-7. The teeth, which have large spikes, have greater
average values than those calculated by STEM. This trend is displayed in Figure 6-8.

6.3.2 Von Mises Stress
Figure 6-9 shows the Von Mises stress results from the ASNYS model. Figure
6-10 clearly shows that the maximum stress is due to bending and occurs at the tangency
point between the involute profile and the root fillet.

Figure 6-9 Von Mises stress from the 10-tooth ANSYS model.
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Figure 6-10 Von Mises stress in Tooth Pair No. 1.

Figure 6-11 is a plot of the maximum Von Mises stress for each external tooth.
The stresses calculated from STEM are also plotted. The results closely agree for each
tooth. A source of the difference between the ANSYS and STEM results may be some

Maximum Stress, psi

60000

ANSYS

50000

STEM
40000
30000
20000
10000
0
1

2

3

4

5

6

7

8

9

External Tooth Number

Figure 6-11 Maximum Von Mises stress from ANSYS
and STEM for each external tooth.

91

10

contribution to the Von Mises stress from other stress components as shown in Chapter 4.
However, the differences are so small that they are negligible.

6.3.3 Deflection
Figure 6-12 shows the deflection from ANSYS versus the shaft rotation increment
for each individual tooth. The teeth engage sequentially, with the last tooth pair engaging
three-fourths of the way through the analysis. Once the teeth engage, it is interesting to
note that the deflection lines are all parallel; meaning the stiffness for each tooth is equal.
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Figure 6-12 Internal and External tooth deflection versus shaft rotation.

Deflections were measured at the midline of each tooth at the pitch circle for both
ANSYS and STEM. The total deflection of any tooth pair can be determined by
summing the deflection of the internal and the external teeth. If the final deflection of

92

Tooth Pair No. 1 is desired, then the deflection for both teeth should be summed at the
final load step.
Although all ten teeth are engaged, the load is not shared equally among the teeth.
This can be seen in Figure 6-13, results from ANSYS and STEM are both plotted. The
number of Effective Teeth Engaged can be determined using Equation (4.11). The
effective engagement for the ANSYS model is calculated by
ETE =

100%
≈5
18%

(6.1)

The denominator is the load carried on tooth pair number one, ETE has been rounded
down, resulting in a slightly more conservative result. This allows the designer to divide
the applied load by the effective number of teeth engaged to estimate the maximum tooth
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Figure 6-13 Percent of applied load on each tooth from ANSYS and STEM.
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Results from STEM show the effect of the applied load on individual tooth loads as
shown in Figure 6-14. Initially, the first pair in contact carries the entire load. As more
teeth engage, the percentage of the total load decreases due to load sharing. The percent
load per tooth levels out as the applied load increases. When the load reaches the amount
required for all 10 teeth to engage, the individual tooth loads are less than 22% of the
applied load.

Figure 6-14 Tooth load versus applied load.

Figure 6-15 shows the cumulative stiffness of the spline coupling modeled in
ANSYS. The x-axis is the total deflection in the coupling. The y-axis is torque
corresponding to the applied rotation. The stiffness initially is highly non-linear, but as
more teeth engage, the stiffness becomes more linear.
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After all ten teeth are engaged, it should be linear, but not before. However, this is
beyond the validity of the model. If all 102 teeth were modeled, it would keep picking up
teeth (and stiffness) until all 102 were engaged. Then, it would become linear (assuming
no yield or break off).

2400
Torque, ft-lbs
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400
0
0

0.0004

0.0008

0.0012

0.0016

Deflection, in

Figure 6-15 Force-deflection curve for 10-tooth ANSYS model.

6.4 Experimental Results
The industrial partner performed tests to measure torque versus rotational deflection
of the shaft for a production spline assembly. This was a preliminary test and no data
was obtained on the measured tooth clearances or errors. Therefore, an actual
comparison could not be done between the experimental results and that predicted by
ANSYS and STEM. The main objective for the experiment is to show conceptual
verification of sequential tooth engagement.
A torque was applied with a load cell; the degrees of rotation were measured as the
load was increased to produce the following force-deflection curves. The yield point of
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the brake disc is reported to be around 2500 Nm (22130 in-lbs). Although the plots only
reach 600 Nm (5310 in-lbs), a load was applied, which appears to have surpassed the
yield point of the spline. All the data after 500 Nm (4425 in-lbs) simply continued with a
linear slope. Figure 6-16 shows sequential tooth engagement with increasing load.
The extension lines were drawn over the data set to highlight the changes in slope.
When the data left a straight line, a new tangent line was drawn to determine points of
engagement. One thing to note from Figure 6-16 is that it was expected that there would
be more distinct points of engagement. It appears that the teeth engaged in sets.

Figure 6-16 Force deflection data from experimental test.
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The experiment was repeated for multiple index positions of the shaft and brake
disc. Figure 6-17 shows the effect of different positions of the mating teeth. In the
experiment, the shaft was held fixed, while the plate was removed and rotated to mesh in
a different orientation with the shaft. This changed the tooth clearances, which caused

Figure 6-17 Experimental results for different index
positions of the brake disc.

variation in engagement; however, the final slope is the same. If additional tests had
been performed, a range of engagement could have been found based on all of the
different positions. It is unknown what caused the initial jump in the green data set.
More runs may be necessary to determine if the test was run correctly, or if there is an
error in the data.
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6.5 Summary
The results from ANSYS and STEM correlate very well. Both models follow the
general trend of engagement and tooth loading. This verifies that the STEM tool can be
used in place of the ANSYS model, which is advantageous, because analyses can be
performed much quicker. The need for a full finite element model is not needed.
The experimental results show that the concept of sequential tooth engagement is
realistic. The experiment also showed a dramatic change as a result of different index
positions, which were larger than expected.
The important issue here is the sequential tooth engagement and the corresponding
tooth deflections. Consequently, the stresses will be unequally distributed among the
teeth and could be much larger than expected by conventional analysis. In addition,
stress due to contact and shear could be overlooked, because the bending stress is the
dominant component. Although failure is expected to be due to the bending stress, it is
important to monitor the other components. The contact stress can vary significantly,
because the two contact surface radii are so close to equal.
Note that the tooth engagement analysis is based on estimating the location of each
tooth in relation to clearance. The first tooth to engage has the smallest clearance. In
reality, the minimum clearance will be different for each spine assembly. In other words,
the position of Tooth No.1 is subject to variation, which may be described as a
distribution about its mean position. A statistical procedure for quantifying this variation
is presented in Chapter 8.
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Chapter 7:

Preliminary Parameter Study

Several parameter studies were performed to gain an understanding of what effects
an individual parameter has on tooth engagement and stress. The results for the
following studies were obtained with the Statistical Tooth Engagement Model. The
parameters that are explored are pressure angle, pitch, number of teeth, and tooth-tooth
clearances.
Because STEM creates the tooth-tooth clearances with a random number generator,
variation between each analysis was intrinsic. STEM allows the designer to select the
number of sets of random numbers (Nreps) to average, providing a more stable
representation of the clearances. This allows comparisons to be made from analysis to
analysis.

7.1 Pressure Angle
The pressure angle (φ) is important to the design of multi-disc brakes because the
plates must be free to slide axially. A low pressure angle is advantageous to reduce the
frictional force on the shaft, but this results in a softer tooth stiffness. By increasing the
pressure angle, the base of the tooth becomes wider, resulting in a stiffer tooth.
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By holding the torque constant, the tangential force (Ft) remains constant.
Rearranging Equations (3.1) and (3.2), the normal force (Fn) and the radial force (Fr) can
be defined in terms of Ft and φ as
Fn =

Ft
cos φ

(7.1)

Fr = Ft ⋅ tan φ

(7.2)

If Ft remains constant, then Fn and Fr both increase with increasing pressure
angles. As a result, the stress at the tooth fillet is reduced. The bending stress from Ft
decreases because of the increase in tooth width at the base. Since Fr increases, the
resulting bending stress increases. The bending stresses are opposite in sign (as shown in
Chapter 3), resulting in a reduction in stress at the tooth fillets. Although the axial stress
due to Fr does increase, that increase is minimal because it is much smaller compared to
the bending stress.
The stress at the fillet radius was studied for variations in pressure angle from 14.5°
to 25°, using the Statistical Tooth Engagement Model. The parameters used in the model
are: N = 120, P = 5, mean tooth-tooth clearance = 0.005 in., standard deviation of
clearance = 0.0003, Nreps = 100, Torque = 225,000 in-lbs, E1,2 = 30x106 psi, ν1,2 = 0.30.
The internal spline represents the brake disc, which has a thickness equal to 0.11 in.
The external teeth represent the shaft or hub, which must be long enough to engage
several discs. The additional length gives the external teeth larger bending stiffness,
resulting in lower stresses. The thickness used for the external teeth was 0.15 in. It was
assumed that several discs would be mounted on the shaft, so the full length of the tooth
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would be loaded similarly. The applied torque represents the torque carried by each
section of the shaft.
The results of the three stress analyses of 14.5°, 20° and 25° pressure angles are
shown in Table 7-1 and Table 7-2, including both the internal and external teeth. The
tables show the stress contribution due to the three components of stress and their
resultant sum, as calculated at the base of the tooth. Critical stress occurs in the fillets
and includes the effect of stress concentrations.
Table 7-1 Stress at external tooth fillets for 14.5°, 20° and 25° pressure angles.
External
Stress (psi)
Axial
Bending Ft
Bending Fr
Resultant

14.5°

L. Fillet
20°

14.5°

R. Fillet
20°

25°

25°

-1772
51373
-7403

-2423
41391
-8931

-3033
34892
-10029

-1772
-51373
7403

-2423
-41391
8931

-3033
-34892
10029

42198

30038

21830

-45741

-34883

-27896

Table 7-2 Stress at internal tooth fillets for 14.5°, 20° and 25° pressure angles.
Internal
Stress (psi)
Axial
Bending Ft
Bending Fr
Resultant

14.5°

R. Fillet
20°

14.5°

L. Fillet
20°

25°

25°

-2136
-57825
8970

-3056
-50252
11539

-3858
-43103
13337

-2136
57825
-8970

-3056
50252
-11539

-3858
43103
-13337

-50992

-41769

-33624

46719

35657

25907

Teeth with higher pressure angles have a wider base, resulting in an increased tooth
stiffness. This also results in a decrease in tooth engagement. The number of teeth
engaged at a full torque of 225,000 in-lbs, for the 14.5°, 20° and 25° pressure angles was,
112, 108 and 104, respectively.
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However, because the deflection of the teeth decreased for the increased pressure
angles, the stress at the fillet also decreased as shown in Figure 7-1. Figure 7-1a shows
the stress in the internal tooth at each fillet. The internal tooth is loaded on the right
flank, resulting in compressive stress at the left fillet (shown as negative) and tensile
stress at the right fillet (shown as positive). The maximum stress decreases from -50,992
psi to -33,624 psi.

60000
φ=14.5°
φ=20°
φ=25°

Stress (psi)

40000
20000
L. Fillet
0

R. Fillet
-20000
-40000
-60000

(a) Internal tooth (loaded from right).

60000

Stress (psi)

40000
20000
R. Fillet
0
L. Fillet
-20000

φ=25°
φ=20°
φ=14.5°

-40000
-60000

(b) External tooth (loaded from the left)
Figure 7-1 Stress at left and right fillets of the initially engaged tooth pair.
(Approximate stress distribution at the base of a fully loaded tooth.)
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Figure 7-1b shows the stress in the external tooth at both fillets. This tooth is
loaded on the left flank, which results in compressive stress at the right fillet and tensile
stress at the left fillet. The maximum stress decreased from -45,741psi to -27,896 psi.
The line joining the two peak fillet stresses approximates the stress distribution across the
base of the tooth. However, the stress distribution is not linear, as shown, due to the
stress concentration effect at the fillet. The fillet stress calculated includes the empirical
stress concentration factors determined by Equation (3.6).

7.2 Pitch and Number of Teeth
Both the pitch and the number of teeth determine the overall size of the splines and
the diameter of the pitch circle. The pitch defines tooth spacing, or the number of teeth
per inch of circular pitch; lower pitches result in broader teeth.
The goal of this study was to vary the number of teeth (N) and the pitch (P) in order
to determine the respective effects on stress and engagement. Unfortunately, sensitivity
studies cannot be done while changing only the pitch or number of teeth. The pitch
diameter (D) is dependent on both parameters with the following relationship
D=

N
P

(7.3)

If either parameter is held constant while varying the other, the pitch diameter will
increase or decrease. This is problematic; if a constant torque is applied, then the tooth
load changes with the pitch diameter. If a constant force is applied to the teeth, then the
torque changes. To maintain a constant tooth load and torque, the pitch diameter was
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held constant. This was accomplished by increasing the number of teeth, while
increasing the pitch.
Three analyses were performed in STEM with N / P values of: 96 / 4, 120 / 5 and
144 / 6. The resulting pitch diameter for each set was 24 in. The parameters used in the
model were: φ = 14.5°, mean tooth-tooth clearance = 0.005 in., standard deviation =
0.0003 in., Torque = 175,000 in-lbs, Nreps = 100, E1,2 = 30x106 psi, ν1,2 = 0.30. The
thickness of the internal and external teeth was 0.11 in. and 0.15 in. respectively.
Table 7-3 shows the results of the three parameter sets. With decreasing teeth and
pitch values, the tooth stiffness increases, the stress decreases and the number of teeth
engaged increases. This does not follow the same trend shown in the pressure angle
analyses, where the stress and the number of teeth engaged both decreased with
increasing tooth stiffness. This is because two parameters are involved.
Table 7-3 Results for variation in pitch and number of teeth.
N=96 φ=14.5° P=4
Teeth Engaged
External
Internal
Ktot

N=120 φ=14.5° P=5

92.70%
90.00%
Maximum Fillet Stress (psi)
37714
41085
39836
46452
Tooth Stiffness (lbs/in)
334098
308941

N=144 φ=14.5° P=6
84.70%
44236
52083
303842

As the pitch decreases, the tooth width becomes broader, resulting in a stiffer
tooth. It was shown in the previous parameter study that stress decreases with increasing
tooth stiffness. The number of teeth engaged should also decrease because the teeth have
deflected less due to the increased stiffness. However, this is not the case. As the
number of teeth decreases, the probability of clearances toward the end of the tails of the
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distribution decreases. That is, the clearance for Tooth Pair No.1 is closer to the mean,
resulting in less deflection being required to engage sequential teeth.

7.3 Tooth-Tooth Clearance
Assuming that the mean clearance between mating teeth is small compared to tooth
width, it should not affect tooth stiffness. Therefore, the mean clearance is not significant
to tooth engagement or stress. The mean simply acts as an offset, which is subtracted as
soon as a load is applied to the splines.
Most important in the tooth-tooth clearance is the standard deviation (stdev) of the
clearance. The stdev determines the extreme spread of the clearances. A smaller stdev
will result in a lower probability of having very small or very large clearances at the tails
of the distribution.
Figure 7-2 shows the cumulative distribution function (CDF) of the clearance, with
varying standard deviations. The smallest stdev value shows that there is very little
difference in clearance between adjacent teeth. With increasing stdev, the spread of the
clearance is much larger. The y-axis shows the percentage of teeth having clearances
smaller than the corresponding value on the x-axis.
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Figure 7-2 Cumulative distribution for mean clearances of 0.005 in.
and standard deviations ranging from 0.0001 to 0.0013.

Several analyses were performed to determine the effect of standard deviation on
tooth deflection. The model used was defined by the following parameters: N = 102, P
= 5, φ = 14.5°, Torque = 81,600 in-lbs, mean = 0.005, ν1,2 = 0.30, E1,2 = 30x106 psi. The
thickness of the internal and external teeth was 0.10 in. Standard deviations ranging from
0.0001 to 0.0013 were used.
Figure 7-3 shows the deflection of each tooth at full engagement versus standard
deviation. The teeth are sorted in order of engagement. As the stdev increases, the
deflection of each tooth increases. At the lowest stdev, the deflection among each tooth
is somewhat uniform, since all of the clearances are very close to the mean, as shown in
Figure 7-2. As the stdev increases, the variation, or difference, in deflection among
adjacent teeth increases.
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Figure 7-3 Tooth deflection at full engagement with various
standard deviations of the clearance.

7.3.1 Normal vs. Uniform Distribution
It is of interest to compare the normal distribution of tooth clearances to a spline
coupling having uniformly distributed clearances, with the goal of observing advantages
or disadvantages of the normal set. The uniform distribution determines tooth clearances
between adjacent teeth at equal increments, ranging between the upper and lower bounds
of the distribution. This differs from the normal distribution since the clearance between
adjacent teeth decreases as the clearance approaches the mean.
It was observed that the random number generator created normally distributed
random numbers within ± 2.7σ of the mean. To be able to compare distributions, the
uniform clearances were determined, setting the upper and lower bounds equal to the
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mean ± 2.7σ. The normal and uniform distributions can be seen in Figure 7-4. The
normal distribution had a mean of 0.005 in. and a standard deviation of 0.0008 in.

Figure 7-4 Normal and uniform distribution of clearances.

The upper and lower bounds of the uniform distribution were 0.00712 in. and
0.00288 in. respectively. The specific parameters used for the analyses performed with
STEM were not found to be important because the same parameters were used for both
distributions. To ensure that the random numbers generated were an accurate
representation of both distributions, 100 sets were generated and then the average was
used to determine how much tooth deflection would be required for full engagement.
Figure 7-5 shows the deflection of each tooth in a 102-tooth coupling at full
engagement for both distributions. Tooth No.1 corresponds to the first tooth pair to
engage, while Tooth No.102 is the last to engage. The uniform curve shows a linear
reduction in tooth deflection. This had been expected because the difference between
each clearance is approximately equal.
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Figure 7-5 Deflection of each tooth pair at full engagement for
uniform and normally distributed clearances.

Figure 7-5 shows that Tooth No.2 on the normal curve deflects significantly less
than Tooth No.2 on the uniform curve. This is because the difference in clearances
between Tooth No.1 and Tooth No.2 is much greater than it would be in a uniform
distribution. As the tooth number approaches 50%, the difference in clearances in the
normal distribution become much smaller than the uniform distribution. Finally, as the
tooth number approaches 102, the difference in clearance is greater, resulting in larger
increases in deflections than in the uniform set at the corresponding tooth numbers.
Figure 7-6 shows the Torque-Rotation curve for both the uniform and normally
distributed clearances. In the STEM model, this is equivalent to Ft-δ, since force acts at a
radius and deflection is measured at the same radius. The force to engage 100% of the
teeth is approximately the same for both distributions. Figure 7-6 shows that there is
some difference in deflection between the normal and uniform distributions. This may be
due to the fact that some teeth may be outside the upper and lower bounds of the uniform
distribution.
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Figure 7-6 Torque-rotation curve for tooth clearances.

Initially, the uniform curve is stiffer than the normal curve, but after about 0.01°,
the stiffness (slope) of the normal curve increases at a faster rate resulting in a higher
torque at 0.017° of rotation. In comparison, the stiffness of the uniform curve increases at
a constant rate. This is due to the difference in clearances between adjacent teeth. These
can be seen more clearly in Figure 7-7, which illustrates the force-deflection for the
initial 0.005 degrees of rotation.
The spline coupling having the normally distributed clearances has only 8 teeth
engaged. The coupling with the uniformly distributed clearances has 22 teeth engaged.
The uniform curve is stiffer, because there are more teeth engaged. It can be seen from
Figure 7-7 that the coupling having the uniform clearances engage sequential teeth at
equal rotational increments, while the teeth with the normally distributed clearance
engage in steadily decreasing increments. Once the difference between teeth in a normal
distribution is less than the difference between teeth on the uniform curve, the stiffness
will increase at a faster rate.
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Figure 7-7 Torque – rotation curve for initial 0.005° of rotation.

Figure 7-8 illustrates the load carried on Tooth No.1 with increasing engagement.
The load on Tooth No.1 decreases more quickly in the uniform coupling, since more
teeth engage earlier. There would be an advantage to uniformly distributed tooth
clearances if the number of teeth engaged were fairly low (between 15 and 50 teeth). If
tooth engagement were high (>50 teeth), then the reduction in the load carried for the
uniform set would become negligible. For both distributions, the load carried by Tooth
No.1 at full engagement is approximately 2%.
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Figure 7-8 Percent of load carried on Tooth No.1 with increasing engagement for
uniform and normally distributed clearances.

From these results, one may conclude that the spline coupling having uniformly
distributed clearances begins engaging teeth very quickly, allowing the load to be shared
among several teeth. However, the coupling with normally distributed clearances, results
in an overall stiffer coupling. The force deflection curves show that at smaller loads the
uniform curve is stiffer.

7.4 Chapter Summary
The studies presented in this chapter show that tooth engagement and stress are
sensitive to variations in tooth parameters as well as the distribution of tooth-tooth
clearances. It also gives insight into the relationship between parameters. The load
capacity of a splined coupling can be increased by increasing the stiffness of each tooth.
The stress can be reduced by reducing the difference in clearances between adjacent
teeth. By reducing the variation in tooth clearances, tooth engagement is more uniform.
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Chapter 8:

Statistical Model of Tooth Position
and Measured Data

A model was developed to determine the expected range of location of each spline
tooth due to tooth errors. This statistical model creates a distribution describing the
probable location for each tooth and explores the effects of the number of teeth in a
splined coupling. Measured tooth error data were analyzed in order to determine how
well the errors follow a normal distribution.

8.1 Spline Tooth Position Error Distribution
The location of the point of contact between a pair of mating spline teeth is
determined by the individual tooth errors. If one set of spline teeth is represented as an
ideal model, then the variation can be confined to the mating spline tooth set.
In this model*, the internal spline teeth are ideal, meaning that there are no errors.
The location of the external spline is determined by the composite tooth errors. Because
the errors from tooth-to-tooth are not normally uniform, they may be characterized with
some type of distribution. The actual position of each tooth is a random variable drawn
from a distribution having a density function g(x) and a cumulative distribution function
Φ(x).
*

Developed by Carl D. Sorensen, Personal conversation, 2005.
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The spline positions are generated and sorted in order of increasing actual position,
as was done in Chapter 6. The first tooth in the sorted order is the first to make contact
with an ideal mating spline.
The expected position of an individual tooth j in the sorted order of N teeth is
defined by
E (x j ) = ∫ x ⋅ h( x, j , N )dx

(8.1)

where h(x,j,N) is the probability density function that describes the probability of having
tooth j in the sorted tooth vector lie between x and x + dx. This is shown in Figure 8-1
for a normal distribution. Having tooth j between x and x + dx is equivalent to having
one tooth between x and x + dx, having j-1 teeth less than x, and having N-j teeth greater
than x + dx. If the dx is term is relatively small, then the dx can be ignored resulting in
N-j teeth greater than x.

Figure 8-1 Location of tooth j in a set of normally distributed tooth positions.
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Assuming that the tooth positions are independent, the probability of all three
events occurring is the product of the individual probabilities [4]. The probability of
having one tooth between x and x + dx is given by g(x)dx. The probability of having j-1
teeth less than x is given by Φ(x)j-1. The probability of having N-j teeth greater than x is
given by (1-Φ(x))N-j.
Because the individual teeth are not distinct, all possible permutations that could
give the desired result must be considered. For example, the tooth with the smallest
position could be any tooth on the spline. For N teeth, with j-1 less than x and N-j
greater than x, the number of distinct permutations is
# Permutations =

N!
( j − 1)!(N − j )!

(8.2)

Combining the product of the three probabilities and the number of permutations yields
the probability density function h defined as
h( x , j , N ) =

N!
j −1
N− j
Φ( x ) ⋅ (1 − Φ (x ))
⋅ g (x )
( j − 1)! (N − j )!

(8.3)

The expected value of each tooth position is defined by substituting Equation (8.3) into
Equation (8.1) resulting in the following
E (x j ) =

 

N!
j −1
N− j

dx
(
)
(
(
)
)
(
)
x
⋅
Φ
x
⋅
1
−
Φ
x
⋅
g
x

∫  ( j − 1)! (N − j )!

−∞
∞

(8.4)

This describes the mean position for each tooth in the spline. Equation (8.4) is
independent of distribution type. The expected value for each tooth can be determined,
providing the probability and cumulative density functions are known.
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For a spline coupling with ten teeth normally distributed, the probable location of
each tooth can be seen Figure 8-2. This is based on a standard normal distribution.
Section 8.2 shows the accuracy in assuming a normal distribution of the tooth position,
which is a determined by the tooth errors.

1.2
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Probability density
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0
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-1.5
0
1.5
Normal Variate Value
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Figure 8-2 Distribution of spline tooth positions.

It can be observed from Figure 8-2 that the difference in position between Tooth
No.1 and No.2 is larger than the difference between Tooth No.5 and No.6. The expected
value of the location of each tooth can be seen in Figure 8-3. The range between Tooth
No.1 and No.10 is three standard deviations. The mean of Tooth No.1 is 1.54 standard
deviations away from the overall mean, which is centered at zero in this example.
Because splines commonly have tooth numbers larger than ten, the probable tooth
locations were determined for splines with tooth counts of 3, 5, 10, 20, 40, 60, 80, 100,
125 and 150. For graphical purposes, only the first ten teeth were plotted.
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Figure 8-3 Expected tooth locations.

Figure 8-4 shows the probable locations for the first ten teeth in the twenty-tooth
spline. The difference between adjacent teeth is smaller than in the ten-tooth spline.
However, the expected location of Tooth No.1 is 1.87 standard deviations from the mean.
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Figure 8-4 Probable spline tooth location for 20-tooth spline.
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The overall difference in the position between Tooth No.1 and Tooth N is greater
as the number of teeth increases, but the distance between adjacent teeth decreases.
Figure 8-5 shows the difference in position between Tooth No.1 and No.2 (E(x1)-E(x2))
for each spline having N teeth. The difference between Tooth No.1 and No.2 quickly
decreases, asymptotically approaching 0.3 standard deviations.
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Figure 8-5 Difference in position between teeth one and two
for splines with N teeth.

These results show that there are advantages and disadvantages to splines having
high tooth numbers. The probability of reaching 100% tooth engagement decreases with
increasing tooth numbers. However, because the difference in position between adjacent
teeth also decreases with increasing tooth numbers, the overall joint stiffness increases at
a faster rate because teeth engage more rapidly.
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8.2 Measured Spline Error Data
Data supplied by the industrial partner has been analyzed to determine how well it
follows a normal distribution. Measurement data for the hub and a mating brake disc
were supplied. The splines were measured with a coordinate measurement machine
(CMM). The index, pitch and spacing errors were measured at the pitch circle for each
tooth. The measurement over pins data was obtained by methods described in the ANSI
standards [3].
Figure 8-6 shows the raw data obtained by the CMM for the index, measurement
over pins, pitch, and spacing errors for each tooth on the brake disc. The measurement
data for the hub can be found in Appendix F.

Figure 8-6 Measured errors for 102-tooth splined brake disc.

119

The distribution of each error is shown in the histograms found in Figure 8-7.
These histograms do show resemblance to a normal distribution, although some errors
appear to follow a normal distribution much closer than do others. The index error seems
to be quite normal, while the remaining three slightly deviate from normal. Both the
pitch and spacing appear to have the majority of errors centered on zero and have long
tails.

Figure 8-7 Histograms of measured errors for 102-tooth
splined brake disc.

To assess whether the data comes from a normal distribution, the measured errors
were plotted on a normal probability plot as shown in Figure 8-8. The solid line
represents a normal distribution, while the plus signs are the measured data. If the data
follows a linear trend, then the distribution is normal. However, non-normal distributions
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will introduce curvature into the plot. From these plots, the probability corresponding to
each tooth error can be determined.
The index and measured pin data does appear to be linear. Although there are
several points, which are away from the line, they remain close and do not have much
curvature. These errors can be modeled with a normal distribution. The pitch and
spacing errors are not linear; there is significant curvature in both data sets. This
indicates that some error would be introduced if the measured data were modeled with a
normal distribution.

Figure 8-8 Normal probability plots of measured errors for
102-tooth splined brake disc.
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However, this is only one set of error measurements. To accurately determine the
distribution characteristics of each error, additional measurement data needs to be
analyzed.

8.3 Chapter Summary
The tooth location model determines the probable position of each tooth. The
model can be applied for any type of distribution. The example shown with the normal
distribution shows the effect of the number of teeth in a splined coupling. Increasing
number of teeth causes the total range of the tooth positions to increase, resulting in
higher loads required to reach full engagement. The analysis of the measured data shows
that the errors may be approximated with a normal distribution. However, additional data
is needed to statistically determine the distribution of tooth errors.
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Chapter 9:

Conclusions and Recommendations

This chapter presents a summary of the thesis, and lists the significant contributions
made in the area of spline tooth engagement. Conclusions are made based on the results
of this thesis. Finally, recommendations are made for further study based on issues
identified by this research.

9.1 Thesis Summary
A new theory for predicting tooth engagement was presented, which is based on a
statistical characterization of tooth spacing errors and their effect on tooth clearance
variation. Tooth clearances were used to simulate the tooth engagement sequence and
calculate the resulting tooth load sharing and stress corresponding to applied torque
loads. This new modeling and design tool is called, STEM for Statistical Tooth
Engagement Model.
General background of splined couplings has been presented as well as a review of
research done to date, relevant to splines. A strength of materials model was developed
to estimate spline tooth stiffness and stresses and combined with the tooth engagement
model utilized in STEM.
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Verification of the strength of materials model was performed with finite element
models validating the stress and deflection from shear, bending and contact loads. A
finite element model (PSEM) was implemented in ANSYS to verify sequential tooth
engagement due to variations in tooth-tooth clearances. The PSEM and STEM results
were compared, with good correlation between the two models. The results were then
compared to test results supplied by the sponsor, showing conceptual agreement with the
sequential tooth engagement theory that had been developed.
Several parametric studies were performed to determine the sensitivity of tooth
engagement and stress due to variations in pitch, pressure angle, number of teeth, and
tooth-tooth clearances. An advanced model estimating the probable location of each
tooth was presented, which is based on a statistical distribution of the errors that
determine tooth position. Finally, measured data of tooth errors were analyzed,
demonstrating that some of the data did match the assumption of normally distributed
errors, while other data did not.

9.1.1 Summary of Accomplishments
A summary of the significant accomplishments from this thesis are:
• A model was developed for a spline tooth, which estimates tooth stiffness,
deflection and stress.
• A new method was developed for determining tooth engagement, which includes
statistical variations in mating tooth clearances (STEM). It not only predicts tooth
engagement for a specified load, but also the engagement sequence and tooth load
sharing.
• The tooth engagement sequence was modeled with finite element tools, which
included tooth variations (PSEM).
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• A new metric for tooth engagement was developed, defined as the Effective Tooth
Engagement (ETE), providing a more realistic estimate of the load capacity of a
splined coupling.
• The fundamental theory of sequential tooth engagement was confirmed with
preliminary test data.
• Demonstrated the use of parametric studies to determine the effect of various
parameters on tooth engagement and stress.

9.2 Thesis Contributions
Significant contributions made to the field of spline design by this thesis are:
• Development of a strength of materials model for individual tooth stiffness,
utilizing bending, shear, and contact loads.
• Contact deformations were found to have a negligible effect on tooth stiffness.
• FEA verification of stress, deflection, and engagement among spline teeth.
• FEA determination of the contribution of contact stress and deformation.
• Singularity due to equal radii of curvature was addressed.
• Modeling the growth of the contact zone between mating spline teeth as load is
applied and the teeth deflect.
• Introduction of process variations into the FEA model.
• Creation of parametric models for tooth geometry, tooth variation, mesh
refinement, and extracting the force / deflection results through the use of ANSYS
scripts.
• Prediction of tooth engagement vs. number of teeth, pitch, pressure angle, load, and
clearances.
• Estimation of tooth stresses and deflection using STEM.
• Determination of effective tooth engagement (ETE) for improved spline tooth
stress calculations.
• Incorporation of industrial sponsor’s non-standard spline geometry.
• Performance of statistical and Monte Carlo simulations.
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9.3 Thesis Conclusions
This thesis provides an in-depth understanding of tooth engagement in splined
couplings. By utilizing practical models which simulate spline behavior, an estimate of
the tooth engagement and stress may be obtained based on spline geometry, load, and
tooth errors. It has been shown that the maximum stress in a loaded spline coupling
occurs in the tooth pair which is first to engage. Although the compressive stress in the
fillet, opposite to the loaded flank, is the maximum, the tensile stress on the loaded side is
most critical. Fatigue cracks propagate due to tension perpendicular to the crack.
The main factor that determines the stress on Tooth No.1 is the distribution of the
tooth clearances. By reducing the variation in clearance between adjacent teeth, the load
is shared more evenly among mating teeth. The stress can also be reduced by increasing
the stiffness of the spline teeth, which also increases the load capacity of the coupling.
However, stiffer teeth result in higher loads on Tooth No.1, required to deflect it
sufficient to engage Tooth No.2.
The current assumption of 25 to 50% of the teeth engaged is a very general
assumption. If the stresses are determined using an equally shared load among all of the
teeth, then the stress will not be an accurate estimation. It has been shown that the load
on each tooth is not equal, resulting in various levels of stress among the engaged teeth.
The actual number of teeth is directly related to the load and the variations in tooth
clearances. Therefore, assuming that 25 or 50% of the teeth may or may not be an
accurate assumption
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9.4 Recommendations for Further Work
To further aid in the development of statistical tooth engagement tools, some areas
where further study may be beneficial are:
1. ANSI B92.1 standards– The spline parameters used to specify the tooth
geometry in STEM were determined by custom modifications to the standards,
provided by the industrial partner. The model can be adapted to include ANSI
standards as the default, which would make STEM applicable to a wider range of
spline applications.
2. 3-Dimensional errors – Further research could be done to determine the effects
of lead errors and shaft misalignment on tooth engagement. Significant errors
could be included in the tooth engagement analysis, allowing the use of STEM to
be expanded to splines having appreciable length. Sometimes 3-D effects can be
approximated by projecting variations to a 2-D plane for analysis, or by analyzing
a series of 2-D plane sections.
3. Multiple assembly positions – If one disassembles a spline joint, rotates it to a
new tooth alignment and re-assemble, the tooth engagement sequence will
change. A statistical model of this assembly scenario could be developed to
predict the overall range of probable stress, tooth engagement and tooth loads.
4. Fatigue analysis – The analysis performed with STEM could be extended to a
fatigue analysis. This would be beneficial, because splined couplings are usually
used in applications requiring long fatigue life.
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5. Reversed and dynamic loading on splines – Splines in multi-disc brakes are
exposed to reversed loading if the brakes are applied in forward and reverse. As
the load reverses, the first tooth to engage is not the first tooth which engaged in
the forward loading direction. It is the tooth which has the greatest error in the
reverse direction. If 100% of the teeth are not engaged in either load direction,
then not all of the teeth will be subject to reversed loading. Only those teeth that
are loaded during both forward and reverse will be subject to reversed loads.
Because these splines are housed in the brakes, dynamic loading is very likely. If
the brakes are applied suddenly, the brake load would be extreme. Additional
work could be done to determine the impact of reversed and dynamic loading on
tooth engagement and spline life.
6. Experimental verification – Conceptual verification has been done to verify the
theory of sequential tooth engagement through preliminary experimental results.
The credibility of STEM could be greatly increased by performing a full tooth
analysis using actual measured data of tooth errors. The experimental results
could be compared to both the FEA and STEM models, using the measured data.
7. Tooth errors – Further study to determine the independence of tooth errors may
be desirable. A Fourier transform of the measured data could be performed to
determine any interdependencies. It may also be desirable to analyze additional
data to get a more complete estimation of the error distributions.
8. Radius of curvature – Further study to determine the actual radius of curvature
of the spline teeth could increase the accuracy of the estimation of contact
stresses. As the teeth come into contact, bending deflections alter the curvature.
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The internal tooth surface will deform to a smaller radius of curvature, while the
external tooth increases.
9. Probable tooth location – include the probable tooth location model (presented
in Chapter 8) in STEM, or an advanced version of STEM.
10. Point of load application – STEM assumes the resultant load on the tooth flank
acts through the pitch point, or pitch circle radius. However, the FEM analysis
showed that the contact area grew until the entire tooth faces were in contact. The
resultant force shifts as applied load increases. FEM studies could lead to
refinements in the STEM model to account for distributed loads and resultant
loads offset from the pitch point.
11. Interference – Some FEM analyses showed the tip of the external tooth gouging
into the flank of the mating tooth, causing a spike in stress. Isolating the causes of
this effect with FEA and geometric studies could lead to a design solution.
12. Modified spline geometry – It is common practice to modify spline geometry to
improve performance. Examples include rounding or crowning the tips of the
teeth, to prevent interference, cutting the tooth profile a little deeper in increase
clearance. A study of how this affects point of load, contact area, radius of
curvature, etc. could increase understanding and prevent undesirable side effects.

129

130

References

1. Abersek, B., and Flasker, J., How Gears Break, WIT Press, 2004.
2. Adey, R. A., Baynham, J. and Taylor, J.W., “Development of Analysis Tools for
Spline Couplings”, Proceedings of the Institution of Mechanical Engineers, Vol. 214
Part G – Journal of Aerospace Engineering, pp 347 – 357, 2000.
3. ANSI B92.1-1970, Involute Splines and Inspection, SAE, Warrendale, PA, 1993.
4. Bain, L. J. and Engelhardt, M., Introduction to Probability and Mathematical
Statistics, 2nd Edition, Duxbury, 1992.
5. Burke, P. E. and Fisher, W., “Design and Analysis Procedures for Shafts and
Splines”, SAE Technical Paper 680024, 1968.
6. Cavdar, K., Karpat, F. and Babalik, F. C., “Computer Aided Analysis of Bending
Strength of Involute Spur Gears with Asymmetric Profile”, Journal of Mechanical
Design, May 2005, Vol. 127, pp 477 – 484.
7. Cedoz, R. W. and Chaplin, M. R., Design Guide for Involute Splines, SAE,
Warrendale, PA, 1994.

131

8. Chase, K. W., Chap. 7 – “Basic Tools for Tolerance Analysis of Mechanical
Assemblies,” Geng, Hwaiyu (editor), Manufacturing Engineering Handbook,
McGraw-Hill, 2004, pp1-13
9. Cornell, R. W., “Compliance and Stress Sensitivity of Spur Gear Teeth”, Journal of
Mechanical Design, April 1981, Vol. 103, pp 447 – 459.
10. Deoli, C. D., “Measurement of Static Deflection of Gear tooth Using Moire Method”,
M. E. dissertation Project Report, Indian Institute of Science, 1973.
11. Deutschman, A. D., Michels, W. J. and Wilson, C. E., Machine Design, Theory and
Practice, Macmillan, 1975.
12. Dolan, T. J. and Broghamer, E. L., “A Photoelastic Study of Stresses in Gear Tooth
Fillets.” Report No. 335, Univ. of Illinois Engineering Experiment Station, March
1942.
13. Dudley, D. W., Dudley’s Gear Handbook, 2nd Edition, McGraw-Hill, Inc., 1991
14. Dudley, D. W., Handbook of Practical Gear Design, McGraw-Hill, Inc., 1984.
15. Dudley, D. W., “How to Design Involute Splines”, Product Engineering, October 28,
1957, pp 75 – 80.
16. Dudley, D. W., “When Splines Need Stress Control”, Product Engineering, December
23, 1957, pp 56- 61.
17. Goldsmith, W., Impact, the Theory and Physical Behaviour of Colliding Solids,
Edward Arnold LTD, London, 1960.

132

18. Juvinall, R. C., Engineering Considerations of Stress, Strain, and Strength, McGrawHill, Inc., 1967.
19. Kahn-Jetter, Z. J. and Wright, S., “Finite Element Analysis of an Involute Spline”,
Journal of Mechanical Design, June 2000, Vol. 122, pp 239 – 244.
20. Kahraman, A., “A Spline Joint Formulation for Drive Train Torsional Dynamic
Models”, Journal of Sound and Vibration, 2001, Vol. 241-2, pp 328 – 336.
21. Litvin, F. L. and Fuentes, A., Gear Geometry and Applied Theory, 2nd Edition,
Cambridge University Press, 2004.
22. Medina, S. and Olver, A. V., “An Analysis of misaligned Spline Couplings”,
Proceedings of the Institution of Mechanical Engineers, Vol. 216 Part J - Journal of
Engineering Tribology, pp 269 - 279, 2002.
23. Michalec, G. W., Precision Gearing: Theory and Practice, John Wiley & Sons, Inc.,
1966.
24. Muthukumar, R. and Raghavan, M. R., “Estimation of Gear Tooth Deflection by the
Finite Element Method”, Mech. Mach. Theory Vol. 22, No.2, pp 177 - 181, 1987.
25. O’Donnell, W. J., “Stresses and Deflections in Built-In Beams”, Journal of
Engineering for Industry, August 1963, pp 265 – 273.
26. Onwubiko, C., “Spur Gear Design by Minimizing Teeth Deflection”, Proceedings of
the 1989 International Power Transmission and Gearing Conference, April 25-28,
1989, Chicago, Illinois.
27. Pottinger, M. G., Cohen, R. and Stitz, E. O., “A Photostress Study of Spur Gear
Teeth”, SAE Technical Paper 670503, 1967.
133

28. Salyards, D. G. and Macke, H. J., “The Application of Photoelasticity to the Analysis
of Shaft Splines”, Proceedings of the 1990 SEM Spring Conference of Experimental
Mechanics; Albuquerque, New Mexico, June 4-6, 1990.
29. Shigley, J. E. and Mischke, C. R., Mechanical Engineering Design, 5th Edition,
McGraw-Hill, Inc., 2002.
30. Stegemiller, M. E. and Houser, D. R., “A Three-Dimensional Analysis of the Base
Flexibility of Gear Teeth”, Journal of Mechanical Design, March 1993, Vol. 115, pp
186 – 192.
31. Timoshenko, S. and Baud, R. V., “Strength of Gear Teeth is Greatly Affected by
Fillet Radius”, Automot. Ind. 55, 1926, pp 138-142.
32. Tjernberg, A., “Load Distribution and Pitch Errors in a Spline Coupling”, Materials
and Design 22, 2001, pp 259 – 266.
33. Volfson, B. P., “Stress Sources and Critical Stress Combinations for Splined Shaft”,
Journal of Mechanical Design, 1983, Vol. 104, No. 551, pp 65-72.
34. Yau, E., Busby, H. R., and Houser, D. R., “A Rayleigh-Ritz Approach to Modeling
Bending and Shear Deflections of Gear Teeth”, Journal of Computers and Structures,
1994, Vol. 50, No. 5, pp 705-713.

134

Appendix

135

136

Appendix A: ANSI Spline Equations

Appendix A lists the basic equations from ANSI B92.1 standards for Spline Design and
Inspection [3]. The equations listed in Table A-1 can be used to determine basic spline
dimensions from the pitch, pressure angle, and number of teeth.
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Table A-1 Equations for basic spline geometry.

Formula
37.5°
Flat Root
Fillet Root
Fillet Root
Symbol
Side Fit
Side Fit
Side Fit
2.5/5 thru
2.5/5 thru
2.5/5 thru
32/64
48/96
48/96
Spline Pitch Spline Pitch Spline Pitch
Ps
2P
2P
2P
30°

Term

Stub Pitch

N
P

N
P

45°
Fillet Root
Side Fit
10/20 thru
128/256
Spline Pitch
2P

N
P

N
P

Pitch Diameter

D

Base Diameter

Db

D ⋅ cos φ

D ⋅ cos φ

D ⋅ cos φ

D ⋅ cos φ

Circular Pitch

p

π
P

π
P

π
P

π
P

sv

π
2P

π
2P

0 . 5π + 0 . 1
P

0 . 5π + 0 . 2
P

N + 1 . 35
P
N +1
P
N −1
P

N + 1 .8
P
N +1
P
N −1
P

N + 1 .6
P
N +1
P
N − 0 .8
P

N + 1 .4
P
N +1
P
N − 0 .6
P

Minimum
Effective
Space Width
Major Diameter,
Internal
Major Diameter,
External
Minor Diameter,
Internal
2.5/5
thru
12/24
spline
pitch
16/32
Minor
spline
Diameter, pitch,
External
and
finer
10/20
spline
pitch,
and
finer
Form Diameter,
Internal
Form Diameter,
External
Form Clearance
(Radial)

Dri
Do
Di

N − 1 .8
P

Dre

N − 1 .35
P

N −2
P

N − 1 .3
P

N −1
P

Dfi

N +1
+ 2cF
P

N +1
+ 2cF
P

N +1
+ 2cF
P

N +1
+ 2cF
P

Dfe

N −1
− 2cF
P

N −1
− 2cF
P

N − 0 .8
− 2cF
P

N − 0 .6
− 2cF
P

cF

0.001D, with max of 0.010, min of 0.002
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Appendix B: Fillet Radius

The following table is a list of minimum fillet values to be used in tooth stress
calculations based on the number of teeth and the pitch. The actual radius of the fillet is
difficult to specify or determine because it is dependent on the cutter used.
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Table B-1 Minimum fillet values.
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Appendix C: Radius Modifier Study

Due to variations in spline teeth, the radius of curvature of the mating profiles is
not perfect. This study was conducted to determine the effect of differences between
radii of mating internal and external cylinders as presented in Case II in Chapter 5.
Commonly, the external tooth is “undercut” to allow additional clearance between mating
teeth. This results in a reduction in the radius of curvature of the external tooth. A radius
modifying factor (Rmod) was implemented to decrease the radius of the external tooth
from the ideal radius (as defined with Equation (2.11)) a certain percent. Rmod, specifies
how much the radius of curvature differs from the ideal radius.
It was shown in Chapter 2 that the distribution of pressure across the contact width
is elliptical. Initially, the pressure distribution from ANSYS does match that determined
by Hertz. By increasing Rmod, the shape of the distribution starts to deviate from a
smooth elliptical shape. The pressure distribution from ANSYS at Rmod = 4.5% is
illustrated in Figure C-1.
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Figure C-1 Contact pressure distribution for ANSYS and Hertz models.

Away from the centerline of the tooth, the pressure distribution matches the Hertz
model. However, at the initial point of contact, which is at the centerline, the maximum
pressure is slightly lower. Figure C-2 displays results for various Rmod values. At very
low Rmod values, the contact pressure from ASNSY follows very closely to the results
from Hertz Theory. However, above 3%, the variation in Pmax increases, with ANSYS
predicted lower stress.
It can be seen in Figure C-2 that the half-width matches very closely for each
model. As expected, the half-width decreases with increasing Rmod values. Initially the
half-width decreases very rapidly. At approximately 1%, the half-width becomes more
stable where the variation in half-width is not as sensitive to changes in Rmod.
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Figure C-2 Half-width and maximum pressure results from Hertz and ANSYS for
constant applied force.

These results assisted in defining a range of Rmod values which provide an
accurate estimation of the maximum contact pressure (Rmod < 3%). Because the actual
variation in the radii is unknown, choosing an Rmod value greater than 1% will reduce
the sensitivity of the half-width with slight variations in Rmod. Because the radii are
close to exact, slight variations have a large impact on contact results.
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Appendix D: Parametric Spline Engagement Model

This appendix illustrates the basic flow of the ANSYS program (PSEM). The
actual ANSYS code is not listed here due to intellectual property rights to the industrial
sponsor.
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Input spline and model
parameters
Input tooth thickness variations
Define involute profile of
internal teeth
Define involute profile of external
teeth based on defined variations
Create areas for internal and external teeth and mesh

Refine mesh as needed

Apply contact elements to each tooth flank of
the internal and external teeth which will make
contact as the load is applied

Apply loads and boundary conditions in
cylindrical coordinate system
Define non-linear controls (min. number of
iterations, min. load steps, etc…)
Solve model

Retrieve results and plot element stress contours
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If contours have
significant
discontinuities
then refine
mesh

Appendix E: Involute Tooth Profile Derivation

The x and y coordinates of the involute profile are derived based on basic tooth
parameters. This model was implemented in the finite element model to develop accurate
spline tooth models. Special thanks to Dr. Ken Chase and Erik Bassett for this
derivation. Figure E-1 defines the terms used in the following derivation.

147

Figure E-1 Spline parameters
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Fixed Variables:
a, a0, ß, Rb, Rp, yi, yf
Variables Dependent upon θ:
d1, d2, ψ, R ψ, x
Changing Variable:
θ
Derivation:
Basic Equations:
y i = Rb Cosα 0

(E.1)

y f = R p Cosα

(E.2)

yθ = Rψ Cosψ

(E.3)

Rb = R p Cosφ

(E.4)

Rψ = Rb 1 + θ 2

(E.5)

Find d1 in terms of θ and constants:
d1 + d 2 = Rbθ

(E.6)

d 2 = RbTan(θ − α 0 )

(E.7)

d1 = Rbθ − d 2

(E.8)

Sub Equation (E.7) into (E.8)
d1 = Rbθ − RbTan(θ − α 0 )

(E.9)
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Simplify Equation (E.9)
d1 = Rb [θ − Tan(θ − α 0 )]

(E.10)

Find x in terms of θ and constants:
x(θ ) = d1Cos (θ − α 0 )

(E.11)

= Rb [θ − Tan(θ − α 0 )]Cos (θ − α 0 )

(E.12)

= Rb [θCos (θ − α 0 ) − Sin(θ − α 0 )]

(E.13)

Find angle ψ in terms of θ and constants:
x(θ ) = Rψ Sinψ

(E.14)

 x(θ ) 

ψ = Sin −1 
 R 
 ψ 

(E.15)

Sub Equations (E.5) and (E.13) into (E.15)

 R [θCos (θ − α ) − Sin(θ − α )] 
0
0

= Sin −1  b
2


Rb 1 + θ



(E.16)

 θCos (θ − α 0 ) − Sin(θ − α 0 ) 

= Sin −1 

2
1+θ



(E.17)

Find y in terms of θ and constants and simplify:
Find sides of right triangle ψ:
 Opposite 

ψ = Sin −1 
 Hypotenuse 

(E.18)
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Hyp = 1 + θ 2

(E.19)

Opp = θCos(θ − α0 ) − Sin(θ − α0 )

(E.20)

Adj = Hyp 2 − Opp 2

(E.21)

=

(1 + θ ) − [θCos(θ − α

) − Sin(θ − α 0 )]

2

2

0

(E.22)

 Adj 

Cosψ = 
 Hyp 

=



(E.23)

(1 + θ ) − [θCos(θ − α

2
) + Sin(θ − α 0 )] 

1+θ 2


2

0

(E.24)

Sub Equations (E.17) and (E.5) into (E.3)

= Rb


1+θ 


2

(

(1 + θ ) − [θCos(θ − α

2
) + Sin(θ − α 0 )] 

1+θ 2
 (E.25)

2

)

0

= Rb 1 + θ 2 − [θCos (θ − α 0 ) + Sin(θ − α 0 )]

2
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(E.26)

Initialize the function of y; y(0)=0:
y (θ ) = yθ − y i

(

(E.27)

)

= Rb 1 + θ 2 − [θCos (θ − α 0 ) + Sin(θ − α 0 )] − Rb Cosα 0
2

(E.28)

End Results:
x(θ ) = Rb [θCos (θ − α 0 ) − Sin(θ − α 0 )]

(

(E.29)

)

y (θ ) = Rb 1 + θ 2 − [θCos (θ − α 0 ) + Sin(θ − α 0 )] − Rb Cosα 0
2

(E.30)

Differential of y:
dy  Rb
=
dθ  2

 2θ − 2[θCos (θ − α 0 ) + Sin (θ − α 0 )][Cos (θ − α 0 ) − θSin(θ − α 0 ) + Cos (θ − α 0 )] 


2

1 + θ 2 − [θCos (θ − α 0 ) + Sin(θ − α 0 )]


(

)

 θ − [θCos (θ − α ) + Sin(θ − α )][2Cos (θ − α ) − θSin(θ − α )] 
dθ
0
0
0
0
dy = Rb 


2
2
1 + θ − [θCos (θ − α 0 ) + Sin(θ − α 0 )]



(

)

Limits of Integration: (Base Circle to Pitch Circle)

θL = 0
θU = β + φ

(Base Circle)
(Pitch Circle)
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Appendix F: Measured Hub Data

Measurement data was analyzed for the 102-tooth splined hub, which mates to the
disc presented in Chapter 8. Figure F-1 shows the actual measured errors for the index,
measurement over pins, pitch, and spacing. Although this data was taken from a spline
with 102 teeth, only 85 teeth were reported.

Figure F-1 Measured errors from the 102-tooth splined hub.
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Figure F-2 shows histograms for each measured error source. The data does
resemble a normal distribution but appears to have some variation. To determine the
variation from a normal distribution, the data was plot on a normal probability plot.

Figure F-2 Histograms of measured errors from the 102-tooth splined hub.

Figure F-3 shows the data plotted against a normal distribution. Each error does fit
fairly linearly, there is no significant curvature. This differs from the measured data from
the mating disc presented in Chapter 8. The errors on the disc showed significant
deviation from normal for some of the errors. All of the measured errors from the hub
closely match a normal distribution. This shows that there is significant variation
between measured data sets, illustrating the need for additional error measurements to
generalize the distribution of the tooth errors.
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Figure F-3 Normal probability plot of the measured
errors for the 102-tooth splined hub.
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